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Abstract
To understand how mating systems evolve, we depend on both (i) theoreti-
cal explanations and predictions, supported by mathematical modelling, and
(ii) quantitative tools to test predictions rigorously. This thesis is divided
equally between these two aims. The first three papers explore the evolution
of mating systems using analytic and simulation models. I begin by consid-
ering a long-standing puzzle in marine invertebrate systems: the widespread
association between a species’ body size, whether it is hermaphroditic or has
separate sexes, and its mode of fertilisation (i.e. whether eggs and sperm are
released into the water or retained by the adult until fertilisation). I argue that
local competition among eggs for fertilisation can explain these patterns, which
arise in taxa as diverse as sea stars, corals and polychaete worms (Paper 1).
I then turn to egg trading – the alternating exchange of egg parcels during
mating by simultaneous hermaphrodites – which is one of the best-supported
cases of reciprocity between non-relatives. I show that egg trading is under
positive frequency-dependent selection and should evolve most easily when po-
tential mates are encountered frequently (Paper 2). Once evolved, egg trading
selects for female-biased sex allocation. I explain how this bias allows simul-
taneous hermaphroditism to persist stably, even in motile species living at
high population densities, where simultaneous hermaphroditism is otherwise
predicted to be unstable (Paper 3). These three papers contribute to the
resolution of Williams’ paradox – the mismatch between the empirical distri-
bution of hermaphroditism and our theoretical expectations – by providing
finer-grained predictions for when hermaphroditism should occur. The last
three papers provide quantitative tools for the measurement of natural (and
particularly sexual) selection. I argue that pre-mating sexual selection should
be understood as a two-step causal process: traits a↵ect mating success, which
in turn a↵ects reproductive success. Most previous work has focussed too nar-
rowly on one or the other of these steps, leading to confusion about what
sexual selection is and how we should measure it. I provide a new statistical
framework that integrates both steps in the sexual selection pathway, and in-
viii
cludes a third path whereby traits directly a↵ect reproductive success. This
leads to better estimates of the strength of sexual selection on traits (Paper 4).
I then compare various indices of sexual selection, often used in comparative
work, that do not rely on trait measurements. I show that the recently defined
Jones index outperforms all others in predicting the actual strength of sexual
selection, because it accounts for both steps in the sexual selection pathway
(Paper 5). Lastly, I provide a new way to quantify the total selection acting
on a trait, including both directional and non-directional selection (Paper 6).
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Introduction
The dazzling diversity of mating systems should surprise us. I doubt any clever
person, presented only with the abstract principles of evolution, would predict
even one thousandth of this diversity. They probably would not predict sexual
reproduction at all! Nature’s four-billion-year simulation is a display case of
all those ideas you would never have thought of: the beautiful and intricate
implications of evolution’s principles. The challenge for us as scientists is to
understand these with the more modest computational power we command
(the human brain and, increasingly, computers).
I see the role of theoreticians in this task as twofold. First, they can develop
explanations and predictions for how mating systems evolve, supported where
necessary by simulations and mathematical models. Second, they can create
quantitative tools to test predictions rigorously. The papers in this thesis are
split equally between these two aims. Although each paper is largely self-
standing, I present here a teaser of the main contributions, and I highlight
some themes that thread through more than one paper.
I interpret ‘mating system’ broadly to include:
i. The mechanism of fertilisation, i.e. how do eggs and sperm get together?
Are gametes released into the surrounding medium (air or water) for
fertilisation? Are both sperm and eggs released, or only sperm? Are
eggs retained inside the mother’s body, or on its surface? Is close phys-
ical contact between adults necessary for fertilisation? These types of
questions have traditionally been dominated by taxonomists and physi-
ologists: evolutionarily we still have a lot to learn.
ii. The distribution of sperm and egg production among individuals. For
instance, are there separate males and females (i.e. dioecy or gonocho-
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rism), or do individuals produce both eggs and sperm at the same time
(simultaneous hermaphroditism), or at di↵erent times during their lives
(sequential hermaphroditism)? More narrowly, how and when are re-
sources invested into male and female gamete production? This includes
questions about sex allocation, sex ratios, and sex change.
iii. Secondary adaptations to increase mating or fertilisation success. What
kinds of trait evolve for this purpose? How do they di↵er between males
and females, or between the male and female functions of hermaphrodites?
Most of the field of sexual selection is concerned with such secondary
adaptations, including traits involved in mate searching, attraction and
competition.
iv. Population patterns of mating and fertilisation. Do males and females
typically reproduce with just one partner or with several? Are mating
and fertilisation success dominated by a lucky few, or spread relatively
evenly through the population?
Below I draw out some strands of these questions that are woven into this
thesis.
The evolution of gamete release and retention
Vertebrates use their high mobility to approach potential mating partners, and
close physical contact between adults is almost always required for fertilisation.
This option is not available to sedentary marine invertebrates, which gener-
ally release gametes into the surrounding water to achieve fertilisation. Most
species release both eggs and sperm (‘broadcast spawning’), while a minority
retain eggs on or inside the mother’s body, and only release sperm (‘sperm
casting’) (Levitan, 1998; Pemberton et al., 2003). Land plants use the latter
strategy, with the added twist that in many flowering plants pollen are trans-
ferred via an animal vector rather than the air or water (Ollerton et al., 2011;
van Tussenbroek et al., 2016). ‘Egg casting’, the hypothetical release of eggs
but not sperm, is conspicuously absent from the entire natural world (as far
as we know!) This asymmetry in fertilisation behaviour is one of the most
ancient kinds of sex role (Paper 1).
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Patterns of parental care and sexual selection are deeply linked to fertilisa-
tion mechanisms (Williams, 1975; Mank et al., 2005). Releasing a gamete
away from the body makes post-zygotic parental care nearly impossible. This
means that only maternal care is present in sperm casters, while broadcast
spawners do not care for their young at all. Mate choice and competition
among adults are far more sophisticated when adults come into close physical
contact before fertilisation. Gametes also experience vastly di↵erent selection
pressures when fertilisation occurs in the open water rather than inside an
adult’s body. This is shown by the fantastic variety of sperm morphology in
sperm casters (where sperm must interact with potential mates’ bodies), which
contrasts with the relative uniformity of broadcast spawners’ sperm (Rouse &
Fitzhugh, 1994; Bishop & Pemberton, 2006). Pollen diversification in plants is
similarly shaped by coevolution with female reproductive organs and animal
vectors (Edlund et al., 2004; Hu et al., 2008).
Mechanisms of fertilisation are highly conserved in most major taxa, but they
are surprisingly labile in marine invertebrates, where they also vary systemat-
ically with other life history traits (Strathmann & Strathmann, 1982; Iyer
& Roughgarden, 2008). Most famously, sperm casting is correlated with
hermaphroditism and small body size within marine invertebrate clades (Heath,
1979; Strathmann et al., 1984; Strathmann, 1990; Rouse & Fitzhugh, 1994;
Hart et al., 1997; Kupriyanova et al., 2001; McFadden et al., 2001). Despite
these rich patterns and their implications for the evolution of mating systems,
we still have little idea how fertilisation mechanisms evolve.
I argue that competition for fertilisation among gametes of the same parent
(‘local gamete competition’) might be the process uniting patterns of ma-
rine invertebrate reproduction that have previously been considered separate
(Paper 1). Gametes that are closely clustered in space are in competition for
the same fertilisation opportunities when these opportunities are limited (Lev-
itan & Petersen, 1995; Yund, 2000; Marshall & Evans, 2005). This provides
an immediate explanation for the absence of egg casting: given that sperm
vastly outnumber eggs, retaining sperm in one place would lead to severe local
competition and low fertilisation rates per sperm.
Local competition among eggs is likely to be less severe, but it might still ex-
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plain why sperm casting is associated with simultaneous hermaphroditism and
small body size. First, if sperm casters’ eggs compete locally for fertilisation,
then marginal fitness returns will diminish with increasing egg production.
This would select for hermaphroditism in sperm casters (Charnov, 1982). Sec-
ond, larger species may struggle to draw su cient sperm from the surrounding
water to achieve full fertilisation of their large egg masses. They might then
evolve to release eggs (i.e. broadcast spawn) to ease local competition, leading
to a relative lack of large sperm casters.
Williams’ paradox: the distribution of hermaphroditism
is surprising
For simultaneous hermaphroditism to be adaptive, fitness returns per unit in-
vestment must decline with increasing investment for at least one sex function
(Charnov et al., 1976; Charnov, 1982). Expanding this simple idea into a set
of predictions is an entire research programme, which inevitably touches on
many of the features that make male and female reproduction di↵erent. How-
ever, the success of this programme has not been as impressive as one might
imagine. Williams (1975) noted that hermaphroditism and separate sexes are
often conserved at very high taxonomic levels, despite great variation in the
ecological and life history characters that are thought to shape the evolution of
hermaphroditism (‘Williams’ paradox’: Leonard, 2013). Even in clades with
frequent transitions between hermaphroditism and separate sexes, our ability
to predict these changes is still surprisingly limited. I interpret Williams’ para-
dox broadly as the gap between theory and observation in the distribution of
hermaphroditism.
Diminishing returns in the male role are predicted when mating or fertilisa-
tion competition from other individuals is limited, leading in particular to local
sperm competition (Scha¨rer, 2009). This may explain why hermaphroditism
is so prevalent among sedentary marine invertebrates, plants, and parasites,
whose low motility or population densities can result in fewer competitors
(Ghiselin, 1969; Puurtinen & Kaitala, 2002; Eppley & Jesson, 2008). How-
ever, simultaneous hermaphroditism also occurs in highly motile species liv-
ing at high population densities, including some fishes and many gastropods
(Jarne & Auld, 2006; Leonard, 2013). These groups present a special challenge
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to current theory, because high mate competition is expected to favour winner-
takes-all adaptations for attracting and monopolising mates, selecting for spe-
cialisation into separate sexes (Michiels et al. 2009; Scha¨rer & Pen, 2013).
I make two contributions to improving our understanding of the distribution
of hermaphroditism. First, I argue that sperm casting can select for simul-
taneous hermaphroditism by creating local competition among eggs for fer-
tilisation (Paper 1; see above). This argument is unusual because it predicts
diminishing returns in the female role, whereas most other explanations for
hermaphroditism are based on diminishing male returns (Scha¨rer, 2009).
Second, I consider the role of ‘egg trading’, the reciprocal exchange of eggs
between mating partners, which is observed in several species of motile simul-
taneous hermaphrodite (Papers 2 and 3) (Fischer, 1981; Sella, 1985; Fischer
& Petersen, 1987; Sella et al., 1997; Sella & Lorenzi, 2000; Petersen, 2006).
I show that egg trading selects for female-biased sex allocation because eggs
increase fitness via both the female role (as always) and the male role (via
trading). Female-biased allocation prevents pure females from invading a trad-
ing population, because their small advantage in egg production (relative to
hermaphrodites) does not make up for the complete loss of male-role fitness
(Charnov, 1982; Fischer, 1988; Michiels et al., 2009). Pure males are also dis-
advantaged because they are excluded from the trading economy. Egg trading
can consequently keep simultaneous hermaphroditism stable, even in motile
species living at high population densities (Fischer, 1984).
How do we quantify sexual selection?
Many of nature’s most extravagant traits, from gaudy ornaments to dangerous
weapons, evolved in response to competition for mates or fertilisation oppor-
tunities. Natural selection that arises from such competition is called sexual
selection (Andersson, 1994; Shuker, 2010). This simple definition is surpris-
ingly di cult to formalise. Implicitly, it invokes a two-step causal process:
(i) phenotypic traits a↵ect mating or fertilisation success, and (ii) mating or
fertilisation success a↵ects fitness. However, the most popular metrics of sex-
ual selection capture only parts of this causal process (Jones, 2009; Klug et
al., 2010; Anthes et al., 2016), and more sophisticated approaches (e.g. Arnold,
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1994; Arnold & Duvall, 1994; Conner, 1996) have some serious conceptual and
statistical limitations. This has contributed to heated controversy about how
to quantify sexual selection and to frequent misestimation of its strength (Klug
et al., 2010; Krakauer et al., 2011; Fitze & Le Galliard, 2011; Jennions et al.,
2012).
I developed a statistical model, based on path analysis, to estimate the causal
relationships among traits, mating success and fitness (Paper 4). It avoids
many limitations of previous models, leading to much improved estimates of
the strength of sexual selection. My approach can be applied both to purely
phenotypic data and to quantitative genetic parameters estimated using pedi-
grees or controlled breeding designs (Lynch & Walsh, 1998; Kruuk, 2004; Wil-
son et al., 2010). It aims to answer why some phenotypes are favoured over
others – is it because of sexual selection or some other type of selection? – and
to predict the short-term evolutionary consequences of sexual selection.
Sexual selection always acts on phenotypic traits and their genetic underpin-
nings (Klug et al., 2010). However, the traits targeted by sexual selection di↵er
widely among systems, and there is no sure-fire way to pinpoint which traits
are sexually selected without measuring them. This causes problems when
comparing sexual selection among species, or between males and females, be-
cause we can never be sure that the primary target traits have been correctly
identified (Krakauer et al., 2011; Parker & Birkhead, 2013).
For comparative purposes, we would ideally like to find broad features of mat-
ing systems that we can use to predict the strength of sexual selection on its
target traits. Various metrics have been proposed to fill this role, most promi-
nently the opportunity for sexual selection (i.e. the variance in mating success:
Wade & Arnold, 1980) and the Bateman gradient (i.e. the simple regression
coe cient of reproductive success on mating success: Arnold & Duvall, 1994).
By simulating reproduction in diverse mating systems, I show that these pop-
ular metrics are poor proxies for the strength of sexual selection (Paper 5). A
recently defined metric – the Jones index – performs much better, because it
integrates both steps in the sexual selection pathway (Jones, 2009).
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Measuring total selection, including both directional and
non-directional components
A more general issue is what we mean when we talk about the ‘strength of
selection’, whether natural or sexual selection. Unqualified, this phrase usually
refers to directional selection, i.e. the di↵erence in mean trait values before and
after selection. Selection can act on any aspect of a trait distribution, however,
not only its mean. For instance, in populations near the trait optimum, there
may be selection for trait values close to the mean, and against extreme trait
values in either direction (‘stabilising selection’). In populations that straddle
two ecological niches, selection may favour extreme trait values that specialise
for one niche or the other (‘disruptive selection’: Hendry et al., 2009).
Non-directional selection is traditionally measured using quadratic regressions
of fitness on trait values (Lande & Arnold, 1983; Phillips & Arnold, 1989; Mor-
rissey & Sakrejda, 2013). Unfortunately, the coe cients of these regressions
are not directly comparable with coe cients of directional selection (i.e. linear
selection di↵erentials and gradients). I develop a new measure that integrates
directional and non-directional components of selection (Paper 6). It can be
used to compare selection among traits or populations that di↵er qualitatively
in selection regime (e.g. directional, stabilising or disruptive: Brodie et al.,
1995), which was previously impossible. It can also be used to compare direc-
tional and non-directional selection on a single trait. I hope that it will prove
useful for comparative analyses of selection.
O↵ we go
The appendices for each paper are collected at the end of the thesis. I hope
you enjoy reading it!
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abstract: Within and across taxa, there is much variation in the
mode of fertilization, that is, whether eggs and/or sperm are released
or kept inside or on the surface of the parent’s body. Although the
evolutionary consequences of fertilization mode are far-reaching,
transitions in the fertilization mode itself have largely escaped the-
oretical attention. Here we develop the first evolutionary model of
egg retention and release, which also considers transitions between
hermaphroditism and dioecy as well as egg size evolution.We provide
a unifying explanation for reported associations between small body
size, hermaphroditism, and egg retention inmarine invertebrates that
have puzzled researchers for more than 3 decades. Our model, by
including sperm limitation, shows that all these patterns can arise
as an evolutionary response to local competition between eggs for
fertilization. This can provide a general explanation for three em-
pirical patterns: sperm casters tend to be smaller than related broad-
cast spawners, hermaphroditism is disproportionately common in
sperm casters, and offspring of sperm casters are larger. Local gamete
competition also explains a universal sexual asymmetry: females of
some species retain their gametes while males release theirs, but the
opposite (“egg casting”) lacks evolutionary stability and is apparently
not found in nature.
Keywords: sex roles, hermaphroditism, brooding, sperm casting,
broadcast spawning, mode of fertilization.
Introduction
Sexual reproduction requires that gametes find each other.
Some species achieve this by releasing their gametes into
the air or water for fertilization, while others keep them
close to their bodies. There is surprisingly little theory to
explain variation in the mode of fertilization (broadcast
spawning with both eggs and sperm being released, sperm
casting with release of sperm and retention of eggs, and
mating with retention of both types of gametes) even
* Corresponding author; e-mail: jonathan.henshaw@anu.edu.au.
Am. Nat. 2014. Vol. 184, pp. E32–E49. ! 2014 by The University of Chicago.
0003-0147/2014/18402-54952$15.00. All rights reserved.
DOI: 10.1086/676641
though the prevalence of the three main modes appears
to differ markedly among broad taxonomic groups and
between terrestrial and aquatic environments (Strathmann
1990; Bishop and Pemberton 2006). In addition, a theo-
retical understanding of patterns of covariation between
hermaphroditism and the mode of fertilization is still lack-
ing, despite evidence that sperm casters are more likely
than broadcast spawners to be simultaneous hermaph-
rodites (Strathmann et al. 1984; Kupriyanova et al. 2001).
The lack of theoretical attention to the evolution of
fertilization mode is unfortunate because the release or
retention of gametes prior to fertilization has major im-
plications for the evolution of other life-history traits, in-
cluding many that are closely linked to sex roles. For in-
stance, postzygotic parental care is usually only possible
when adults remain close to their gametes during and after
fertilization (Williams 1975; Kahn et al. 2013). Conse-
quently, sex differences in gamete release or retention con-
strain which sex can provide parental care. Similarly, mate
choice based on nongametic traits can occur only if adults
encounter each other before fertilization. There are also
macroevolutionary consequences of variation in fertili-
zation modes. For example, population dispersal patterns
are affected because zygotes resulting from the fertilization
of released eggs are often carried great distances from their
parents. This has flow-on effects on population genetic
structure, species ranges, and rates of speciation and ex-
tinction (Scheltema 1977; Hansen 1980; Jones et al. 2009;
Crampton et al. 2010).
The study of marine invertebrates is important for un-
derstanding evolutionary transitions in fertilization modes,
given that the marine environment is ancestral to all ani-
mals. Present-day diversity in fertilizationmode is also strik-
ing, which allows us to look for general patterns that tran-
scend phylogenetic boundaries. Mechanisms of fertilization
range from those that require adults to be in close physical
proximity, such as copulation and pair spawning, to those
that can operate even if adults never come into close contact,
This content downloaded from 150.203.51.13 on Fri, 25 Jul 2014 06:08:33 AM
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such as when gravid females filter sperm from the open
water (Bishop and Pemberton 2006). Dioecy (separate male
and female individuals) and hermaphroditism are also both
common (Jarne and Auld 2006), and in some species uni-
sexual individuals even coexist with simultaneous her-
maphrodites (Giese and Pearse 1974; Weeks 2012).
Reproductive diversity in marine invertebrates is not
limited to variation among higher taxonomic groups. In-
triguingly, even closely related species often differ in their
reproductive strategies (Strathmann and Strathmann
1982). Recent phylogenetic analyses have revealed frequent
transitions in reproductive behavior at all taxonomic levels
(e.g., sabellid worms: Rouse and Fitzhugh 1994; asterinid
sea stars: Hart et al. 1997; soft corals: McFadden et al.
2001; all animal phyla: Iyer and Roughgarden 2008; and
stony corals: Kerr et al. 2011). This suggests that repro-
ductive traits are labile over short evolutionary timescales.
Crucially, the presence of diversity at lower taxonomic
levels allows us to look for traits that are correlated with
a particular reproductive strategy, providing us with clues
as to why these strategies have evolved.
Several models consider the evolutionary consequences
of fertilization mode (Shine 1978; Sargent et al. 1987;
Jørgensen et al. 2011) and we are aware of one study of
the coevolution of sperm release and retention with her-
maphroditism and dioecy (Iyer and Roughgarden 2008).
Transitions in the release or retention of eggs have, how-
ever, largely escaped theoretical attention. Here we develop
the first mathematical model of the evolution of sperm
casting (in which eggs are retained) and broadcast spawn-
ing (in which eggs are released). We also investigate how
hermaphroditism/dioecy and egg size coevolve with fer-
tilization mode. We provide a unifying explanation for a
reported association between small body size, hermaph-
roditism, and egg retention in marine invertebrates that
has puzzled researchers for more than 3 decades (Heath
1979; Strathmann et al. 1984). We also explain a universal
sexual asymmetry: females of some species retain their
gametes while males release theirs, but the opposite pattern
(which we term “egg casting”) apparently never occurs.
Terminology and Rationale
We can classify fertilization strategies into four modes of
fertilization based on how close the gametes of each sex
are to their parents at fertilization. We say gametes are
retained if they are close to or inside their parent’s body
when fertilized. If they are far away from their parent, we
say they are released. It is sometimes not possible to make
a hard distinction between retained and released gametes.
For instance, the eggs of some species initially adhere to
the surface of their mother’s body before ablating into the
water column (Marshall 2002; Yund and Meidel 2003).
Broadcast spawning occurs when both sexes release their
gametes into the open water (Levitan 1998). A combi-
nation of ocean currents, chemo-attractants, and gamete
swimming then brings gametes together to enable fertil-
ization (Evans et al. 2012). Sperm casting occurs when
only sperm are released, while eggs are retained close to
or inside their mothers’ bodies (Pemberton et al. 2003).
Sperm-casting species usually achieve fertilization by fil-
tering sperm out of the water in a manner similar to filter
feeding (Bishop and Pemberton 2006). Mating occurs
when all adults retain their gametes until they encounter
an appropriate partner. Common forms of mating include
copulation (Addison and Hart 2005) and simultaneous
pair or group spawning (Giese and Kanatani 1987; Kiørboe
and Sabatini 1995). The fourth possibility, which we call
egg casting, is that eggs are released into the water, while
sperm are retained by their parents. To our knowledge,
egg casting has not been observed in any animal or plant
species.
To avoid confusion, we note that some authors use the
term “broadcast spawning” to refer to the release of sperm,
regardless of whether eggs are released or retained (e.g.,
Iyer and Roughgarden 2008). We apply this term only to
species that release both eggs and sperm.
Three Key Relationships between Fertilization Mode,
Body Size, and Reproductive Traits
Comparative analysis of reproduction in marine inverte-
brates has unearthed several fascinating patterns of co-
variation between the mode of fertilization, body size, and
two key reproductive traits: egg size and simultaneous
hermaphroditism.
Sperm Casters Tend to Be Smaller than Related Broadcast
Spawners. In comparisons within taxa, species with
smaller-bodied adults are relatively more likely to be sperm
casters than broadcast spawners. Since the first review by
Strathmann and Strathmann (1982; updated in Strath-
mann 1990), this observation has gained considerable em-
pirical support (e.g., sabellid worms: Rouse and Fitzhugh
1994; asterinid sea stars: Hart et al. 1997; serpulid and
spirorbid worms: Kupriyanova et al. 2001; and soft coral:
McFadden et al. 2001). The opposite pattern appears to
be rare, although in many taxa only one fertilization mode
occurs. Intriguingly, the link between body size and fer-
tilization mode appears not to apply across taxa: the small-
est sperm casters of one taxon are often larger than the
largest broadcast spawners of another (Strathmann and
Strathmann 1982).
Hermaphroditism Is More Common in Sperm Casters. Si-
multaneous hermaphroditism is more common among
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Figure 1: Processes influencing the intensity of local egg competition.
sperm casters than broadcast spawners (Heath 1979;
Strathmann et al. 1984; Kupriyanova et al. 2001; Mc-
Fadden et al. 2001; but see Heller 1993). It is unknown
whether this association arises from independent under-
lying effects of body size on both traits, or whether sperm
casting itself selects for simultaneous hermaphroditism.
Sperm Casters Produce Larger Offspring. On average, the
offspring of sperm casters are larger than those of broad-
cast spawners, even after controlling for body size (e.g.,
sabellid worms: Rouse and Fitzhugh 1994; serpulid and
spirorbid worms, Kupriyanova et al. 2001). In some in-
stances, increased offspring size is achieved via the pro-
duction of larger eggs, while in others (particularly brood-
ers or those species with nurse eggs), offspring growth
rather than egg size is responsible for large offspring.
Overview of a Model Based on Local Gamete Competition
We aim to explain the above three empirical patterns by
identifying stable reproductive behavior in a model where
an individual’s strategy includes the option to release or
retain gametes; to be male, female, or a hermaphrodite
(and, in the latter case, to vary the relative allocation of
resources to sperm and egg production); and to produce
larger or smaller eggs. Our model explores the possibility
that local competition between gametes for fertilization
provides a general explanation for these patterns, as well
as why egg casting has never evolved.
In marine environments, fertilization is often limited
by the availability of gametes of the opposite sex. This is
true not only for sperm but also for eggs, whose fertili-
zation success can be limited by low sperm densities under
natural conditions (Levitan and Petersen 1995; Yund 2000;
Marshall and Evans 2005). If sperm densities are limiting,
then a high local density of eggs can cause sperm depletion,
lowering the rate of egg fertilization. Consequently, eggs
that are limited by sperm availability compete for access
to sperm whenever they are clumped together (fig. 1). The
same argument applies to sperm that are limited by access
to eggs. Spatial concentration of one gamete type and low
density of the other type lead to local competition among
the former.
Local gamete competition (LGC) is competition be-
tween related gametes for fertilization (sensu Scha¨rer
2009). It occurs whenever the experimental removal of
some gametes increases the probability that related gam-
etes are fertilized. LGC is a form of local resource com-
petition (sensu West 2009) that can lead to saturating fit-
ness curves in the competing sex.
Gametes disperse widely when they are released so, all
else being equal, LGC should be less severe for released
gametes than for retained gametes. Consequently, we pre-
dict that high levels of LGC select for the release of gam-
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etes. We can isolate four additional factors that potentially
affect the intensity of LGC:
Anisogamy. Sperm are produced in greater numbers than
eggs, so they should generally experience higher LGC. This
could explain the absence of egg casters: the range of eco-
logical conditions that favor sperm release are broader than
those selecting for egg release. Thus whenever the latter is
favored, the former is too, resulting in broadcast spawning
rather than egg casting.
Body Size. Fecundity increases with body size (Levitan
1991; Rouse and Fitzhugh 1994). If the local availability
of sperm increases less than linearly with fecundity as body
size increases, then larger species will suffer greater sperm
limitation and higher LGC among eggs. This could occur
in sperm casters if the number of sperm that females or
hermaphrodites can filter out of the water increases more
slowly than fecundity as body size increases. This might
explain why larger species within a given taxon more often
release their eggs (i.e., are broadcast spawners).
Hermaphroditism. Simultaneous hermaphroditism might
reduce LGC in both sexes by dividing reproductive re-
sources between male and female functions. If LGC is more
severe for sperm casters than for broadcast spawners, then
the higher prevalence of hermaphroditism in sperm casters
could arise from selection to reduce LGC between retained
eggs by diverting excess female reproductive capacity to
male function.
Egg Size. For a fixed reproductive investment, producing
fewer eggs will reduce LGC. It may also bring additional
advantages such as increased survival or future fecundity
of zygotes due to the resultant increase in egg size (Rius
et al. 2010). When local egg competition is strong in sperm
casters, larger eggs might be selected for to reduce wasteful
competition between related eggs for fertilization. Larger
egg size could then contribute to sperm casters producing
larger offspring.
The Model
We model the effects of LGC on the evolution of fertili-
zation mode, hermaphroditism/dioecy, and egg size in ma-
rine invertebrates across a range of body sizes. We consider
only species that achieve fertilization without close contact
between adults (the evolution of mating is beyond the
scope of our model). In principle, any of the six combi-
nations of broadcast spawning, sperm casting, or egg cast-
ing with hermaphroditism or dioecy could evolve. We refer
to each combination as a reproductive strategy.
We assume large, well-mixed populations of sexually
reproducing individuals. In dioecious populations, males
and females occur at approximately equal densities (i.e.,
the operational sex ratio is equal to one). In hermaph-
roditic populations, each individual devotes the same fixed
proportion r of its reproductive resources to producing
sperm and the remainder ( ) to producing eggs1! r
(model parameters are summarized in table 1). We assume
that hermaphrodites are not self-fertile, a condition that
holds for many species (Cohen 1990; Jarne and Auld
2006). We consider how this latter assumptionmight affect
our predictions in “Discussion.”
We assume that unisex individuals have a fixed budget
M for gamete production, measured as the volume of gam-
etes produced per unit time (Parker 2011). Hermaphro-
dites produce a lower volume of gametes than unisex in-
dividuals of the same size due to the cost 0 ! d ! 1 of
maintaining both types of gonad (Heath 1977). Each her-
maphrodite thus devotes resources to sperm(1! d)rM
production and to egg production. We(1! d)(1! r)M
assume that gamete budgets increase linearly with a spe-
cies’ average adult body size B (Hess 1993; Rouse and
Fitzhugh 1994; Sewell 1994) so that for someMp k BM
constant kM.
An individual’s strategy is a multidimensional trait set
that comprises its egg size, reproductive strategy, and sex
allocation if a hermaphrodite. These traits together deter-
mine the individual’s rate of fitness gain when breeding
(for simplicity we assume continuous breeding). The rate
of fitness gain is equal to the product of the individual’s
rate of fertilization and the average fitness of the resultant
zygotes.
Fitness
We compare the fitness of typical individuals in a popu-
lation to that of mutants with a different strategy to de-
termine which combinations of traits are evolutionarily
stable (for full details see app. A; apps. A and B available
online). We assume that any mutant with higher fitness
than the population average can invade the population.
Consider a mutant focal individual that produces eggs
of size in a population where all other individuals pro-mˆe
duce eggs of size me. We write for the individual’s
ˆffemale
rate of fertilization through female function (eggs fertilized
per unit time) and for its rate of fertilization throughˆfmale
male function (sperm fertilizing per unit time). If the mu-
tant’s eggs form zygotes of average fitness and itsˆs(m )e
sperm form zygotes of fitness s(me), then the mutant’s rate
of fitness gain is given by
1
ˆ ˆ
ˆ ˆwp [f s(m )" f s(m )].female e male e2
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Table 1: Key variables and parameters in the model
Term Definition
The model:
r Sex allocation for hermaphrodites (proportion of resources allocated to male function)
M Gamete budget (rate of gamete production for unisex individuals)
d Cost of hermaphroditism to gamete budget
B Body size
kM Scaling coefficient of gamete budget with body size
Fitness:
me Egg size (variable)
s Zygote fitness
How does gamete release affect fertilization probability?:
g Fertilization efficiency
Rates of gamete flow between regions:
Fnc Rate of water flow from a neighborhood into a fertilization cavity
Fon Rate of water flow between the open water and a neighborhood
Vc/Vn Volume of fertilization cavity/neighborhood
Gamete production and mortality:
ms Sperm size (parameter)
Ie/Is Rate of egg/sperm production for unisex individuals
/ , / , /e s e s e sm m m m m mc c n n o o Mortality rates of eggs/sperm in fertilization cavities, neighborhoods, open water
mL Rate of gamete loss from the fertilization arena due to currents
How does body size affect population density and pumping rate?:
r Population density
/k ar r Scaling coefficient/exponent of population density with body size
kF/aF Scaling coefficient/exponent of water flow into fertilization cavities with body size
How does egg size affect fertilization rates and zygote survival?:
/k ag g Scaling coefficient/exponent of fertilization efficiency with egg size
The factor of one-half arises because on average 50% of
a zygote’s genes come from each parent. Hermaphrodites
trade off fertilization rates in female and male functions
( and ) through their sex allocation r. For unisexˆ ˆf ffemale male
individuals, one of these rates is equal to zero. Individuals
that produce fewer, larger eggs will generally have lower
total rates of fertilization ( ) but higher average zygoteˆffemale
fitness due to increased offspring survival and/orˆs(m )e
fecundity (Einum and Fleming 2000; Marshall and Keough
2006; see below). Note that both and dependˆ ˆf ffemale male
not only on the mutant individual’s behavior but also on
the population-wide fertilization mode and allocation of
resources to sperm and eggs. This means in particular that
there is feedback from overall sex allocation in the pop-
ulation to selection on the sex allocation of particular in-
dividuals (Shaw and Mohler 1953).
How Does Gamete Release Affect Fertilization Probability?
Gamete densities are affected by the release strategy of the
parent and by that of other individuals in the population.
We conceptualize this problem by dividing the fertilization
arena into three regions: fertilization cavities, neighbor-
hoods, and the open water. These regions are connected
by the flow of water and gametes (fig. 2). We derive the
densities of sperm and eggs assuming, for simplicity, uni-
form densities within each region. We are ultimately in-
terested in gamete density differences between the regions,
as these affect the fertilization rates of retained and released
gametes.
A fertilization cavity is where retained gametes are
stored. It might be an internal body cavity or an external
area such as an indentation on the body’s surface. Gametes
of other individuals enter the fertilization cavity from the
surrounding water by either passive water flow or active
pumping (Bishop and Pemberton 2006). A neighborhood
is the region of water directly surrounding a single indi-
vidual where LGC between its released gametes is still
possible. The open water consists of all water outside of
neighborhoods that is still close enough to spawning in-
dividuals for fertilization to occur but where LGC no
longer occurs. When gametes are released, they initially
enter their parent’s neighborhood. Water flow and active
swimming then carry gametes into the open water. Cur-
rents may also sweep gametes away from the fertilization
arena entirely, which we treat as a form of gamete mortality
(see below).
In broadcast-spawning species, fertilization can occur
both in neighborhoods and in the open water. In contrast,
for both sperm casters and egg casters, fertilization only
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Figure 2: Flow of water and gametes among fertilization cavities, neighborhoods and the open water. On the left is a gamete-retaining
individual; on the right, a gamete-releasing individual.
occurs in the fertilization cavities of gamete-retaining in-
dividuals. Thus, for released gametes to achieve fertiliza-
tion, they must first be carried from their parent’s neigh-
borhood into the open water, then flow into the
neighborhood of a gamete-retaining individual and finally
on into its fertilization cavity.
The rate of fertilization in each of the three regions is
proportional to the product of the local densities of sperm
and eggs (Hutchinson and Waser 2007; Dusenbery 2009).
For instance, if we write Ec and Sc for the densities of eggs
and sperm in a fertilization cavity, then the rate of fertil-
ization in the cavity is gEcSc per unit volume per unit time.
The coefficient g measures the efficiency of fertilization:
higher values of g correspond to higher fertilization rates
for any fixed gamete densities. Equivalent expressions ap-
ply in the other two regions. Our next step is to derive all
factors that affect sperm and egg densities in each region.
Rates of Gamete Flow between Regions
We write Fnc for the rate at which water is filtered through
the fertilization cavity of a gamete-retaining individual
(subscript nc means “from neighborhood to cavity”). Once
a gamete enters a fertilization cavity, we assume that it
remains there until it dies or is fertilized. Gametes enter
a fertilization cavity at a rate of Fnc times their density in
the surrounding neighborhood. For instance, if sperm oc-
cur at a density of Sn in the neighborhood of a gamete-
retaining individual, then sperm flow into that individual’s
fertilization cavity at a rate of FncSn. If the fertilization
cavity has volume Vc, then this corresponds to an increase
in sperm density in the cavity of per unit time.!1F V Snc c n
For hermaphroditic sperm casters and egg casters, we as-
sume that released gametes do not enter their parent’s own
fertilization cavity.
Unlike gamete flow into fertilization cavities, flow be-
tween neighborhoods and the open water occurs in both
directions. The net rate of gamete flow is equal to the prod-
uct of water flow Fon and the difference in gamete densities
between the two regions. For instance, if So and Sn are the
densities of sperm in the open water and a particular neigh-
borhood respectively, then the net rate of sperm flow from
the open water into the neighborhood is Fon(So ! Sn). This
causes sperm density in the neighborhood to increase (or
decrease) at a rate of , whereVn is the volume
!1F V (S ! S )on n o n
of the neighborhood.
Potential for Local Gamete Competition
We assume that released gametes interact locally within
their parent’s neighborhood but not once they reach the
open water. This means that LGC can occur in the fer-
tilization cavity and neighborhood of gametes’ parents but
not in the open water or in the neighborhoods of other
individuals. Related gametes only compete for fertilization
when they are clustered together and when gametes of the
opposite sex are limiting (fig. 1). For individuals that retain
their gametes, the availability of opposite-sex gametes is
partly limited by water flow into the fertilization cavity.
Consequently, high flow into fertilization cavities reduces
LGC. Similarly, high flow into and out of neighborhoods
reduces LGC between released gametes by spreading them
out more evenly across space.
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Live Fast, Die Young: Gamete Production and Mortality
Unisex individuals have a gamete budget of size M, so a
pure female producing eggs of size me will produce Ie p
M/me eggs per unit time. Similarly, a pure male produces
Is p M/ms sperm per unit time. Unlike egg size, which
evolves in our model, we treat sperm size ms as a fixed
parameter. Due to the cost d of hermaphroditism, a her-
maphrodite that allocates a proportion r of its resources
to male function produces eggs and(1! d)(1! r)Ie
sperm per unit time.(1! d)rIs
We allow mortality rates to differ between sperm and
eggs and between the three regions. We assume, however,
that egg mortality is independent of egg size, partly for
simplicity and partly because we are aware of no empirical
study that documents the relationship between egg lon-
gevity and size. We write and for the mortality ratese sm mn n
of eggs and sperm in a neighborhood. Retained gametes are
protected from predation and the elements by their par-
ents’ bodies, so we assume that mortality in fertilization
cavities is only a ! 1 times as high as in neighborhoods.
This results in mortality rates of ande e sm p am m pc n c
for eggs and sperm, respectively. The loss of gametessamn
from the open water due to water currents is an additional
source of mortality mL, which we assume affects sperm and
eggs equally. Mortality rates in the open water are then
given by and , respectively.e e s sm p m " m m p m " mo n L o n L
There is no correlation in our model between the
strength of flow into neighborhoods and flow out of the
fertilization arena (i.e., between Fon and mL). In nature there
is probably a positive relationship (although the shape of
such a relationship is unknown), but we argue that this
modeling simplification is unlikely to affect our main con-
clusions, as the effect of mL on model predictions was mi-
nor (see “Results”).
How Does Body Size Affect Population Density
and Pumping Rate?
In modeling the relationships between body size, egg size,
and reproductive strategy, it is important to remember that
many life history traits are affected by size (Peters 1983).
Larger species typically live at lower population densities
(Marquet et al. 1990; White et al. 2007) and can pump
water at higher rates (Riisga˚rd 2001). This is significant
because higher population densities and pumping rates
reduce LGC (fig. 1), which affects the likelihood of dif-
ferent reproductive strategies being stable. Accordingly, to
understand how LGC changes with body size, we must
consider the allometry of population density and pumping
rate.
We assume that population density r decreases with
body size B according to the allometric relationship
arrp k B .r
Similarly, the rate of water flow into an individual’s fer-
tilization cavity Fnc increases with body size B as
aFF p k B .nc F
We consider appropriate values of the scaling exponents
ar and aF in appendix B.
How Does Egg Size Affect Fertilization Rates
and Zygote Survival?
Larger eggs are fertilized more easily than smaller eggs
because they provide larger targets for sperm (Levitan
1993; Crean and Marshall 2008). They may also form zy-
gotes with higher survival and fecundity (Einum and Flem-
ing 2000; Marshall and Keough 2006). Consequently, if
we want to understand how LGC shapes the evolution of
egg size, we must take these factors into account.
We assume that zygote fitness s increases with egg size
me according to the sigmoidal function (Vance 1973; Bul-
mer and Parker 2002; Jørgensen et al. 2011)
1
s(m )p exp ! .e ( )me
This function typically produces optimal egg sizes on the
order of me ≈ 1 (cf. Smith and Fretwell 1974), which we
take as the unit of measurement for all other volumes.
We also assume that an egg’s fertilization efficiency g
increases with its size me. Although this relationship is
likely complex, for tractability we model it using the al-
lometric equation (Dusenbery 2011)
agg(m )p k 7 (m ) .e g e
We consider appropriate values for the scaling exponent
ag in appendix B.
Fertilization Rates
We now have everything needed to calculate gamete den-
sities and fertilization rates in each of the three regions.
We assume that each individual produces gametes at a
constant rate over the breeding period. This allows us to
approximate the fertilization dynamics by their steady state
solutions, for which inflows and outflows of gametes in
each region cancel out, so that gamete densities remain
constant. For species in which the rate of gamete pro-
duction varies greatly during a breeding period, the steady
state solutions provide less accurate approximations, but
we do not expect this to alter the model’s main predictions.
To illustrate how to calculate fertilization rates, consider
a population of dioecious sperm casters. We first calculate
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the density of eggs in a female’s fertilization cavity. SinceiEc
females produce eggs at a rate of Ie, the density of eggs in
the cavity increases at a rate of due to egg production.!1IVe c
Egg mortality reduces this density at rate of . Further,e im Ec c
if is the density of sperm in the cavity, then fertilizationfSc
reduces the density of eggs at a rate of . The rate ofi fgE Sc c
change of egg density in the cavity with respect to time is
consequently given by
i!Ec !1 e i i fp I V ! m E ! gE S .e c c c c c!t
Similarly, suppose that the density of sperm in the neigh-
borhood of a female is . Sperm will enter her fertilizationfSn
cavity at a rate of , causing an increase in sperm densityfF Snc n
of . Taking into account mortality and fertilization,!1 fF V Snc c n
the rate of change of sperm density in the cavity is
f!Sc !1 f s f i fp F V S ! m S ! gE S .nc c n c c c c!t
Using the same approach we can calculate rates of
change for sperm and egg densities in the other two
regions. The steady state solutions for gamete densities are
then given by setting each rate of change to zero. We solved
the resulting system of nonlinear simultaneous equations
numerically. Once gamete densities are known, the rate of
fertilization is straightforward to calculate: for the above
example, it is simply (details of all calculations ini fgE Sc c
app. A).
Which Reproductive Strategies Are Evolutionarily Stable?
The complexity of the problem precludes an analytical
approach. Consequently, we used the following numerical
approach to identify reproductive strategies that could not
be invaded by alternative strategies. We compared the av-
erage fitness of an individual playing the population re-
productive strategy to that of a specified set of mutant
individuals playing a different strategy. If we found a mu-
tant that had higher average fitness than a typical indi-
vidual in the population, we concluded that its strategy
could invade the population. For example, we classified a
population of sperm-casting hermaphrodites as stable if it
could resist invasion by pure females, pure males, and
broadcast-spawning hermaphrodites (see “Discussion” for
the limitations of this approach).
As egg size is a continuous variable, there is the addi-
tional issue that there is an infinite number of possible
strategies. We therefore approximated the equilibrium egg
size for each reproductive strategy by considering discrete
egg sizes of the form mep 0.05k, with k a positive integer.
We searched for egg sizes with the property that if every*me
individual in the population produced eggs of this size,
then mutant individuals producing neighboring egg sizes
of had lower fitness than the population av-*m " 0.05e
erage. We refer to such as the stable egg size for that*me
reproductive strategy.
We used a similar approach for sex allocation in her-
maphrodites, approximating possible strategies as discrete
values of the form r p 0.1, 0.2, ..., 0.9. We considered a
hermaphroditic reproductive strategy to be stable if it could
resist invasion by pure females, pure males, and alternative
fertilization modes for at least one of these r values. Sim-
ilarly, a dioecious strategy was stable if it could not be in-
vaded by alternative fertilization modes nor by any her-
maphrodite with sex allocation r p 0.1, 0.2, ..., 0.9.
We assumed that mutants differ from the population
only in a single trait. For instance, we did not consider
simultaneous mutations in gamete release/retention and
in hermaphroditism/dioecy. Similarly, when considering
traits other than egg size, we assumed that mutants pro-
duced eggs of the stable size for the population repro-
ductive strategy.
Robustness Analysis
To demonstrate that our results hold across a wide range
of parameter values (e.g., differences in the allometric scal-
ing of population density and water flow), we ran two sets
of numerical trials. In each trial, parameter values were
drawn randomly from predefined ranges (details in app. B).
We then determined which reproductive strategies were
stable and calculated the associated egg sizes and sex*me
allocation r. If a hermaphroditic strategy was stable to
invasion for more than one value of r, we report the av-
erage of all stable r values and associated egg sizes. The
results of all trials are deposited in the Dryad Digital
Repository: http://dx.doi.org/10.5061/dryad.1mp91 (Hen-
shaw et al. 2014).
Trials with Randomly Chosen Body Size. We ran 1,200 trials
with body sizes chosen randomly from a range of 6 orders
of magnitude (details in app. B). We then calculated cor-
relations (Pearson’s r) and associated confidence intervals
between the values of each parameter and the stability of
sperm casting and broadcast spawning, represented as bi-
nary variables (i.e., stable/not stable). For parameters that
varied over more than 1 order of magnitude, we took the
base 10 logarithm of the parameter before calculating the
correlation coefficient (see table B1 in app. B, available
online). The magnitudes of these correlations suggest
which processes are most influential in shaping the evo-
lution of the mode of fertilization.
Trials with Paired Body Sizes. We also ran 2,000 trials in
which we compared reproductive behavior between two
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Sperm casting Broadcast spawning Number of 
trials 
Percentage of 
trials 
Dioecy Herm. Dioecy Herm. 
484 40% 
427 36% 
213 17% 
28 2% 
18 2% 
18 2% 
6 <1% 
3 <1% 
3 <1% 
Total 1200 100% 
Figure 3: Stability of sperm casting and broadcast spawning with hermaphroditism and dioecy in trials with randomly chosen body size.
Each row represents a combination of stable reproductive strategies, with stable strategies marked by a dot. Egg casting was never stable.
fixed body sizes for each randomly generated parameter
set. We did this to mimic empirical observations of closely
related species, for which parameter values other than body
size might be expected to be similar. In 1,000 trials we
compared fixed body sizes of B1p 10
2 and B2p 10
4, and
in the remaining 1,000 trials we compared body sizes of
B1 p 10
4 and B2 p 10
6. For any given pair of body sizes,
we considered that smaller body size “favored” reproduc-
tive strategy X over strategy Y whenever (a) only X was
stable at the smaller body size B1 and only Y was stable
at the larger body size B2; (b) both strategies were stable
at B1 but only Y was stable at B2; or (c) only X was stable
at B1 but both strategies were stable at B2.
Results
The model highlights the potential importance of LGC in
explaining the evolution of reproduction in marine en-
vironments because it predicts all three key relationships
between fertilization mode, hermaphroditism, and egg size
that have been reported in marine invertebrates, as well
as the absence of egg casting.
Which Reproductive Strategies Were Stable?
The results for the set of trials in which body size was
chosen randomly are summarized in figure 3. All four
combinations of sperm casting or broadcast spawning with
hermaphroditism or dioecy were stable to invasion for at
least some parameter values. In contrast, egg casting was
never stable. In most trials only one reproductive strategy
was stable, while in some two or three strategies were
stable. In a few trials (less than 1% overall), no repro-
ductive strategy was stable. When multiple fertilization
modes are stable for one set of parameter values, these
fertilization modes represent alternative stable states (i.e.,
they are not mixed equilibria). We consequently do not
expect transitions to occur between them if the selective
environment remains constant. Rather, transitions should
occur when conditions change so that the dominant fer-
tilization mode is no longer stable.
Sperm Casters Were Smaller than Related
Broadcast Spawners
Sperm becomes limiting (i.e., fertilization rates are sub-
stantially below 100%) for large sperm casters and for
small broadcast spawners. This can be seen by plotting the
proportion of eggs fertilized (ffemale/Ie) for different body
sizes assuming fixed choices for other parameter values
(fig. 4). It is therefore logical that sperm casting declined
in prevalence as body size increased, while broadcast
spawning became more common (fig. 5).
A strong association between sperm casting and small
body size was found in both sets of trials. Unsurprisingly,
however, the signal was stronger in the trials with paired
body sizes (i.e., when other parameters were held fixed).
Smaller body size favored sperm casting in 1,153 of the
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Figure 4: The expected proportion of eggs fertilized (ffemale/Ie) increases with body size for broadcast spawners (blue) while showing the
opposite relationship for sperm casters (green). The example assumes a dioecious population with fixed parameter values taken from the
center of the ranges in table B1 (app. B), available online; for example, the allometric scaling of population density is assumed to follow
an exponent of !0.75. The qualitative pattern remains unchanged within the range of values given in table B1. The small bumps in the
curves have no biological significance as they result from the approximation techniques used.
1,258 paired trials (91.7%) in which both fertilization
modes were stable for at least one of the two body sizes,
while the reverse pattern occurred in only 3 trials (0.02%;
binomial test, P ! .0001). In 102 trials (8.1%), there was
no trend.
Hermaphroditism Was More Common in Sperm Casters
Simultaneous hermaphroditism was far more common in
sperm casters than in broadcast spawners (fig. 5). For ex-
ample, in the trials with randomly chosen body sizes, her-
maphroditism was stable in 268 of 713 trials where sperm
casting was stable. In contrast, hermaphroditismwas stable
in only 3 of 736 trials in which broadcast spawning was
stable (x2 p 326.8, P ! .0001).
Among sperm casters, the proportion of hermaphro-
dites increased with body size (fig. 5). This is explicable
in terms of LGC because hermaphroditism allows sperm-
limited females to reduce local egg competition and in-
crease fitness by redirecting reproductive resources toward
male function. Since sperm limitation increased with body
size in sperm casters (fig. 4), the proportion of sperm
casters that were hermaphrodites also increased with body
size. Larger body size favored hermaphroditism over
dioecy in 317 of 320 paired trials in which both strategies
were stable for at least one body size. Sex allocation was
usually male biased. For example, in the set of trials with
randomly chosen body size, hermaphroditic sperm casters
allocated an average of 74% per cent of their reproductive
resources to male function. We consider possible reasons
for this strong male bias in the discussion.
The relative occurrence of hermaphroditism among
sperm casters increased with body size. When considering
both fertilization modes together, however, the proportion
of hermaphrodites declined as body size increased (fig. 5).
This is because sperm casting gave way to broadcast
spawning as body size increased, and hermaphroditism
was rare among broadcast spawners.
Sperm Casters Made Larger Eggs
Another evolutionary response to local egg competition
was to increase egg size. When eggs competed locally for
fertilization, females responded by producing fewer, larger
eggs to increase the probability of each egg being fertilized.
Although this still resulted in fewer fertilized eggs in total,
this was offset by the increased fitness of each resulting
zygote due to its greater size. The net outcome was greater
overall fitness (fig. 6).
Since sperm casters suffered higher local egg competi-
tion than broadcast spawners, they produced larger eggs
on average. The difference in egg size between the two
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Figure 5: Prevalence of stable sperm casting (green squares) and broadcast spawning (blue circles) with dioecy (solid lines) and hermaph-
roditism (dashed lines) as body size varies. Shown as the proportion of 1,200 trials with randomly chosen body size in which each reproductive
strategy was stable, with body sizes grouped by order of magnitude. Proportions add up to more than one because several reproductive
strategies can be alternative stable states for the same parameter values.
fertilization modes was, however, only pronounced at body
sizes for which both sperm casting and broadcast spawning
were evolutionarily stable. This is because these were the
largest body sizes for which sperm casting was still stable
and therefore corresponded to the conditions of severe
sperm limitation that most strongly favored increased egg
size. Across trials with randomly chosen body size in which
both sperm casting and broadcast spawning were stable,
the eggs of sperm casters were 22.5% larger than those of
broadcast spawners (t[331.6]p 6.2, P ! 10!8). In contrast,
egg size did not differ significantly between sperm casters
and broadcast spawners when only one mode was stable
(t[807.3] p !1.3, P p .19).
Body Size Was the Most Important Parameter,
but Other Factors Mattered Too
Body size was the parameter that most strongly influenced
the evolution of fertilization mode. Body size was highly
negatively correlated with the stability of sperm casting
but highly positively correlated with that of broadcast
spawning (fig. 7). In contrast, high rates of water flow into
neighborhoods and fertilization cavities (high Fon, kF, aF,
and low Vn) favored sperm casting over broadcast spawn-
ing, as they reduced sperm limitation in the fertilization
cavity. For the same reason, sperm casters fared relatively
better under high population densities (high kr and ar)
and when sperm were more numerous due to a high an-
isogamy ratio (low ms) or low sperm mortality (low ).
smn
Since gamete mortality was highest in the open water,
broadcast spawners were more dependent on the speed of
fertilization than were sperm casters. Consequently, broad-
cast spawners did relatively better when fertilization was
more efficient (high kg). Other parameters, including the
rate of water flow away from the fertilization arena (mL)
and the rate of egg mortality ( ), had relatively minoremn
effects on the evolution of fertilization mode.
Discussion
Our model of egg retention and release and its coevolution
with hermaphroditism/dioecy highlights the importance
of local gamete competition in determining the stability
of the six possible reproductive strategies. Body size and
gamete release strategy interact to influence the intensity
of LGC. Sperm casters experience sperm limitation and
intense local egg competition at large body sizes, while
broadcast spawners suffer sperm limitation at smaller body
sizes.
Why does the effect of body size on sperm limitation
differ between these two modes of fertilization? Among
broadcast spawners, greater sperm production more than
offsets the decline in population density at large body sizes.
Consequently, our model predicts higher sperm densities
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Figure 6: Total fertilization success (blue), fitness of individual zygotes (purple), and total fitness (black) as egg size increases while the
number of eggs decreases. Shown for a mutant female in a population of dioecious sperm casters with body size B p 105. All other
parameters are taken from the center of the ranges in table B1 (app. B), available online.
in the open water for larger species, which leads to a greater
proportion of released eggs being fertilized. For retained
eggs, in contrast, sperm availability does not keep pace
with egg production as body size increases. Here lower
population densities combine with less than isometric scal-
ing of water flow into sperm casters’ fertilization cavities
as body size increases. Although larger body size also pro-
duces better flow from the neighborhood into the fertil-
ization cavity, sperm casters will eventually become sperm
limited as body size increases, because they cannot im-
prove the flow from the open water into a neighborhood.
As a consequence, larger sperm casters suffer greater LGC
between eggs for fertilization.
Explaining Key Relationships between Fertilization
Mode and Reproductive Traits
The effect of body size on sperm limitation and LGC in
our model offers a basis to understand three well-established
empirical observations in marine invertebrates and one uni-
versal pattern across all taxa. First, sperm-casting species of
marine invertebrates are typically smaller than their broad-
cast-spawning relatives (Strathmann and Strathmann 1982;
Rouse and Fitzhugh 1994). Our model suggests that sperm
limitation lowers the reproductive success of large sperm
casters and small broadcast spawners. This results in an
association between small body size and sperm casting.
Second, sperm casters are more likely to be hermaph-
rodites (Strathmann and Strathmann 1982; Kupriyanova
et al. 2001). Our model shows that when the flow of sperm
into the fertilization cavity is too low to ensure fertilization
of all eggs, sperm casters experience diminishing fitness
returns to investment in eggs. In contrast, sperm release
ensures that fitness returns to investment in sperm remain
approximately linear. Consequently, sperm-limited fe-
males are selected to redirect some of their reproductive
budget toward the male function, leading to simultaneous
hermaphroditism. This sexual asymmetry in fitness returns
does not occur in broadcast spawners: fitness gain curves
remain roughly linear for both male and female repro-
duction when both eggs and sperm are released. In our
model, hermaphroditism is rare in broadcast spawners be-
cause the negligible advantage it provides over dioecy in
reducing LGC is insufficient to overcome the cost of not
specializing in producing only one type of gamete.
Third, the offspring of sperm-casting marine inverte-
brates are larger than those of broadcast spawners (Rouse
and Fitzhugh 1994; Kupriyanova et al. 2001). Our model
predicts this pattern, at least to the extent that the larger
offspring are a result of larger eggs (Roff 2002). Our model
shows that greater egg size can result from a selective pres-
sure to ameliorate LGC: when sperm is limiting, female
sperm casters are selected to produce fewer, larger eggs.
This ensures that a greater proportion of eggs are fertilized,
while increasing the fitness of resulting zygotes.
Fourth, there are no documented cases of egg casting
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in nature. In our model, retained sperm consistently suf-
fered from higher LGC than retained eggs. Consequently,
parameter values that selected for egg release always also
selected for sperm release.
New Predictions
Our model gives rise to two new predictions that can be
tested empirically. First, we predict a subtle and interesting
relationship between body size, fertilization mode, and
hermaphroditism. Smaller body sizes are associated with
sperm casting, and sperm casting is associated with her-
maphroditism. Consequently, smaller species are more
likely to be both sperm casters and hermaphroditic in our
model. However, among sperm casters themselves, her-
maphroditism is predicted to be more common at larger
body sizes. This is because hermaphroditism evolves to
ameliorate sperm limitation, which increases with body
size in sperm casters.
Second, we predict that hermaphroditic sperm casters
will bias sex allocation toward male function to reduce
local competition between eggs. This occurs because when
eggs are retained and fertilization rates are low, LGC is
more intense among eggs than among sperm (where it
may even be absent). As a result, we might expect male-
biased allocation to be more common in sperm casters
than in broadcast spawners (in which LGC is low for both
eggs and sperm). As a caveat, we discuss below how our
model might exaggerate the strength of male bias. We have,
however, built another model (not shown) that confirms
that any level of male-biased allocation can arise given
very general assumptions that lead to sperm limitation in
the fertilization cavity. Additional factors not considered
in our model, such as self-fertilization and polyspermy,
might select against greater allocation of resources to male
function (e.g., Bode and Marshall 2007).
Empirical evidence of a link between sperm casting and
male-biased sex allocation is equivocal, although this may
be due to the small number of studies (review: Scha¨rer
2009). We note also that there is still much debate about
how to measure reproductive investment. This makes it
challenging to determine the extent, or even if, male-biased
allocation occurs (Hayward and Gillooly 2011). Since ab-
solute sex allocation is difficult to measure, future studies
could aim to compare relative allocation between sperm
casters and broadcast spawners.
Model Limitations: Numerical Evaluation
of Evolutionary Stability
We treated a reproductive strategy as stable if it could resist
invasion by any mutant that differed from the population
in a single trait. For instance, a population of dioecious
sperm casters was considered stable if it resisted invasion
both by hermaphrodites and by broadcast spawners. Sim-
ilarly, an egg size was stable if it could resist invasion by
mutants producing slightly smaller or larger eggs. These
are types of local stability (Otto and Day 2007).
Considering only local stability leaves open the possi-
bility that populations could be invaded by mutations that
simultaneously affect multiple characters or by mutations
of large effect. Indeed, in cases where sperm casting and
broadcast spawning were both locally stable, a pleiotropic
mutation for egg release and small egg size could often
invade a population of sperm casters. This did not, how-
ever, occur when only one reproductive strategy was stable:
in such cases stability was global.
Mixed equilibria, in which more than one reproductive
strategy is simultaneously stable in a population, are an-
other interesting possibility. For instance, hermaphrodites
coexisting with pure males is rare but widespread in an-
imals (Weeks 2012). Mixed fertilization modes are also
known to occur. For example, Barazandeh et al. (2013)
recently observed both mating (which our model does not
consider) and sperm casting in the barnacle Pollicipes
polymerus. It is possible that the few trials in our model
in which no single reproductive strategy was stable rep-
resent cases where the parameter values lead to mixed
equilibria.
Last, to keep computations manageable, we tested
whether hermaphrodites with a given sex allocation r could
be invaded by pure males or pure females, but we did not
examine stability against any other sex allocation values.
Our model may therefore exaggerate the strength of male-
biased sex allocation in sperm casters. For the same reason,
it may also predict stable hermaphroditism for a wider
range of parameters than it would under a more restricted
definition of stability. We do not expect these issues to
affect the key qualitative predictions of the model.
How Does Self-Fertilization Affect Our Predictions?
Our model assumes that hermaphrodites require allo-
sperm, yet some marine invertebrate species appear to self-
fertilize (Jarne and Auld 2006). As it provides an additional
mechanism to increase the fertilization rate of eggs (Jarne
and Charlesworth 1993), introducing selfing into our
model would reduce local egg competition in hermaph-
rodites. This could affect our predictions in twomain ways.
First, higher fertilization rates due to selfing would allow
hermaphroditism to persist at a wider range of body sizes
than our model currently predicts and correspondingly
reduce the range of body sizes over which dioecy is stable.
This should not, however, affect our qualitative predictions
that hermaphroditism is more common in sperm casters
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than broadcast spawners and that among sperm casters,
hermaphroditism is associated with larger body size.
Second, since selfing ensures that most eggs are fertil-
ized, female fitness curves should saturate more slowly in
species that self. In contrast, male fitness may saturate
more quickly, because sperm that are produced for self-
fertilization experience strong local competition (Scha¨rer
2009). Consequently, allowing selfing in our model could
reduce or eliminate male-biased sex allocation in her-
maphroditic sperm casters. This would not affect our pre-
dictions for species that are obligate outcrossers.
LGC versus Alternative Explanations
The application of the model’s predictions to the natural
world rests on two key assumptions: first, LGC is more
severe for retained gametes than released gametes; and
second, sperm limitation is common enough under natural
conditions for local competition between eggs to have
adaptive consequences.
Evidence for sperm limitation and local egg competition
has been found in some marine invertebrates but not oth-
ers (Levitan and Petersen 1995; Yund 2000; Marshall and
Evans 2005). One way to test the strength of LGC em-
pirically would be to experimentally reduce the number
of gametes from some individuals and then measure
whether the individuals’ remaining gametes are more likely
to be fertilized.
Making precise predictions regarding the current se-
verity of a problem such as LGC is however inherently
difficult, because we predict selection to shift reproductive
strategies in a direction that ameliorates this problem. In
other words, all else being equal, LGC may be more severe
at certain body sizes (fig. 4), but all else is not equal if
this leads to the absence of certain combinations of body
size and reproductive strategy. Although it will remain
difficult to predict which species should presently suffer
most from LGC, it is noteworthy that even in species with
consistently high fertilization rates, complex adaptations
to reduce sperm limitation hint at its past importance
(Yund 2000). This suggests that LGC has been a significant
selective force in the evolution of reproductive behavior
in marine invertebrates.
Earlier attempts to explain the links between small body
size, sperm casting, and hermaphroditismmet with limited
success. Some argue that larger species release eggs because
a female’s ability to produce eggs increases more quickly
with body size than her capacity to retain them (Heath
1977; Strathmann and Strathmann 1982). This could also
select for simultaneous hermaphroditism in sperm casters
if females divert excess reproductive capacity into male
reproduction (Heath 1979; Scha¨rer 2009). Although this
hypothesis has found support in some species (Beekey and
Hornbach 2004; Gil et al. 2011), evidence for this type of
developmental constraint remains weak (Scha¨rer 2009; ref-
erences in Sewell 1994) and seems unlikely to account for
the association between body size and fertilization mode
in most taxa.
We suggest that our model has two advantages over
previous explanations. First, it unites the observed asso-
ciations between small body size, sperm casting, and her-
maphroditism in a common explanatory framework,
rather than explaining each observation separately. Second,
it provides a plausible account for the empirical variability
of these patterns. Although sperm casters are smaller on
average than closely related broadcast spawners, the as-
sociation between sperm casting and small body size does
not appear to hold across taxa, and in many taxa only one
fertilization mode is present (Strathmann and Strathmann
1982). Our model suggests that this might reflect differ-
ences in population density and flow environment among
taxa. In taxa where population densities are generally high,
sperm casting is predicted to remain stable at larger body
sizes than in taxa with low population densities. Similarly,
taxa that can maintain high flow rates into the fertilization
cavity (e.g., those with highly developed pumps) will per-
mit sperm casting at larger body sizes. In both cases the
intensity of LGC is lower.
Interestingly, sperm casting is the predominant mode
of reproduction in colonial marine invertebrates (Strath-
mann and Strathmann 1982), despite large colony size (the
analogue of body size in unitary organisms). Colonial or-
ganisms may be less likely to be limited by flow rates into
the fertilization cavity because when colony size increases
due to the asexual addition of a new module, a new fer-
tilization cavity is also added. Colony growth therefore
does not compromise fertilization rate and sperm casting
can remain stable.
Analogous Problems in Other Taxa
We have focused on the evolution of sperm casting and
broadcast spawning in marine invertebrates. To what ex-
tent are analogous problems faced by other taxa? For
highly motile organisms, it is probably more efficient to
search for mates than to rely on dispersal of gametes.
Accordingly, mating is the dominant mode of fertilization
in land animals (Strathmann 1990; but see Zizzari et al.
2009) and highly motile marine animals. Motility is also
likely fundamental to land animals’ preference for dioecy
(Puurtinen and Kaitala 2002; Eppley and Jesson 2008).
The most obvious comparison is with plants. Since
plants do not move to mate, their challenges to ensure
fertilization appear comparable to those of sessile marine
animals (Pemberton et al. 2004). In terrestrial environ-
ments, sexual reproduction occurs exclusively via pollen
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casting (the analogue of sperm casting), although pollen
transfer is often via an animal vector (Niklas 1997), a
mechanism which is curiously absent in the sea (Strath-
mann 1990). Even in aquatic environments, higher plants
appear never to release their ovules, although some green
algae do broadcast spawn (Clifton 1997). The absence of
broadcast spawning in higher plants is puzzling given that
water-pollinated plants not only face a similar fertilization
environment to marine animals but in many cases also
have motile sperm (Rosenstiel et al. 2012).
Models of the evolution andmaintenance of fertilization
modes in plants and in nonmarine environments could
highlight general features that apply to all sexually repro-
ducing organisms and elucidate differences in selection
between environments and taxonomic groups that have
as yet escaped theoretical attention. Further studies might
also shed light on sex differences in the evolution of pa-
rental care, mate choice, and morphology, all of which are
fundamentally linked to a species’ mode of fertilization.
The model we have presented here offers a foundation on
which to build tailored models to better explore these
wider possibilities.
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Abstract
Egg trading – the alternating exchange of egg parcels during mating by si-
multaneous hermaphrodites – is one of the best-documented examples of reci-
procity between non-relatives. By o↵ering eggs only to partners who recip-
rocate, traders increase their reproductive success in the male role, but at a
potential cost of delaying or reducing fertilisation of their own eggs. Although
several authors have considered the evolutionary stability of egg trading once
it has evolved, little attention has been paid to how egg trading can invade
a population in the first place. We begin to tackle this problem by formally
showing that egg trading is under positive frequency-dependent selection: once
the proportion of traders in a population exceeds a certain threshold, egg trad-
ing will go to fixation. We show that if mate encounters occur frequently, then
the cost of withholding eggs from unreciprocating partners is reduced, making
it easier for egg trading to evolve. In contrast, the presence of opportunis-
tic ‘streaking’, where unpaired individuals join mating pairs but contribute
only sperm, makes it more di cult for egg trading to invade. This is because
streakers weaken the link between the number of eggs an individual can o↵er
and its male-role reproductive success.
Please note that, due to copyright restrictions, only the abstract of this chapter
is available in the ANU Open Research Repository. The full chapter can be
found in the printed thesis, available in the ANU Library, or via the website
of the journal Dynamic Games and Applications.
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Abstract
Simultaneous hermaphroditism is predicted to be unstable at high mating
rates given an associated increase in sperm competition. The existence of
reciprocal egg trading, which requires both hermaphroditism and high mating
rates to evolve, is consequently hard to explain. We show using mathematical
models that the presence of a trading economy creates an additional fitness
benefit to egg production, which selects for traders to bias their sex allocation
toward the female function. This female-biased sex allocation prevents pure
females from invading a trading population, thereby allowing simultaneous
hermaphroditism to persist stably at much higher levels of sperm competition
than would otherwise be expected. More generally, our model highlights that
simultaneous hermaphroditism can persist stably when mating opportunities
are abundant, as long as sperm competition remains low. It also predicts that
reciprocity will select for heavier investment in the traded resource.
Please note that, due to copyright restrictions, only the abstract of this chapter
is available in the ANU Open Research Repository. The full chapter can be
found in the printed thesis, available in the ANU Library, or via the website
of the journal Evolution.
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Abstract 
 
Selection on traits operates via fitness components like mating success, fecundity and 
longevity, which can be understood as intermediaries in a multi-step causal process. 
Sexual selection is the best-known example of this. It occurs when traits directly 
influence mating or fertilisation success, which, in turn, directly influence fitness. We 
show how both steps in this process can be quantified in a single path analysis, 
leading to better estimates of the strength of sexual selection. Our model controls for 
confounding variables, such as body size or condition, when estimating the 
relationship between mating and reproductive success. Correspondingly, we define 
the Bateman gradient and the Jones index using partial rather than simple regressions, 
which better captures how they are currently interpreted. The model can be applied 
both to purely phenotypic data, and to quantitative genetic parameters estimated using 
pedigrees or controlled breeding designs. The phenotypic approach allows selection 
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differentials to be broken down into a sexually selected and a ‘remainder’ component, 
whereas the quantitative genetic approach decomposes the evolutionary response to 
selection analogously. We illustrate our method with two worked examples based on 
simulated data. We also highlight conceptual and statistical limitations of previous 
path-based approaches, and show that these can lead to substantial misestimation of 
the strength of sexual selection. 
 
 
Keywords: quantitative genetics, structural equation modelling, animal model, 
selection gradient, opportunity for sexual selection, Robertson’s secondary theorem of 
selection, average partial gradient 
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We are often interested not just in how traits affect fitness, but in the causal 
intermediaries of these effects. For instance, large males may be fitter, but is it 
because they live longer, mate more often, or are favoured in sperm competition? To 
answer this type of question, we must consider selection as a multi-step causal 
process (Kingsolver and Schemske 1991; Scheiner et al. 2000; Frank 2013; Morrissey 
2014). Individual components of this process can be estimated and then integrated 
into an overall measure of ‘selection via’ the causal intermediary. 
 
We illustrate this philosophy by providing a new method to quantify sexual selection.  
Sexual selection arises via a two-step causal process: (1) phenotypic traits affect 
mating or fertilisation success; and (2) mating or fertilisation success affects 
reproductive success. Recent reviews have championed a unified view of this process 
(Jones 2009; Henshaw et al. 2016; Anthes et al. 2016). Most studies still consider 
each step in isolation, however, usually via particular metrics such as the ‘opportunity 
for sexual selection’ (an upper bound on Step 1) or the ‘Bateman gradient’ (an 
estimate of Step 2: see Table 1 for a glossary of terms). This has contributed to 
widespread controversy about how to define sexual selection, and to misestimation of 
its strength (Klug et al. 2010; Krakauer et al. 2011; Fitze and Le Galliard 2011; 
Jennions et al. 2012). 
 
Here, we formalise the causal process behind sexual selection using path analysis, an 
extension of regression modelling that accommodates more complex causal patterns 
(Loehlin 2004; Shipley 2016). Our approach quantifies the relationships between 
measured traits, environmental effects, mating success, and reproductive success in a 
single framework. The strength of sexual selection acting on a trait can then be 
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estimated by combining both steps in the causal pathway, extending the model of 
Jones (2009). We focus on selection via mating success (often called ‘pre-mating’ or 
‘pre-copulatory’ sexual selection). However, our approach applies equally well to 
selection via fertilisation success, or indeed any other fitness component, with only a 
change in terminology (e.g.  replace ‘mating success’ with ‘fertilisation success’). 
 
Sexual selection metrics: what’s wrong with the status quo? 
Most popular metrics of sexual selection relate to only one step in the causal pathway 
(Jones 2009; Henshaw et al. 2016; Anthes et al. 2016). Mating differentials and 
gradients tell us how traits covary with mating success (Step 1), but not how, or even 
whether, this translates into differences in fitness (Lorch 2005). The same holds for 
the opportunity for sexual selection !", which provides an upper bound on the mating 
differential for a standardised trait (Wade and Arnold 1980; Jones 2009). In contrast, 
the Bateman gradient #"" (Arnold and Duvall 1994) quantifies the relationship 
between mating and reproductive success (Step 2), but says nothing about the 
determinants of mating success. The Bateman gradient also fails to account for 
confounding variables (e.g. body size or condition) that directly influence both mating 
and reproductive success (Gerlach et al. 2012; Collet et al. 2012; 2014; Janicke et al. 
2016; Anthes et al. 2016). These various metrics are not alternative ways to measure a 
single thing (‘sexual selection’), but rather estimates, or in some cases upper bounds, 
of individual components of the sexual selection process. The overall relationship 
between traits and reproductive success is usually quantified using selection 
differentials or gradients, but these coefficients include selection from all sources, 
both sexual and non-sexual. 
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Table 1: Glossary of terms. For consistency with the model and worked examples, we 
treat reproductive success as a proxy for fitness.  
 
Path coefficient (#$%) Estimate of the direct causal effect of one variable & on another variable ' 
Extended selection 
gradient (() Total effect of a trait on reproductive success via any causal pathway 
Selection differential ()) Covariance between a trait and reproductive success; also equals the change in mean trait values due to selection  
Selection gradient Partial regression coefficient of reproductive success on a trait 
Mating differential (*) Covariance between a trait and mating success 
Mating gradient Partial regression coefficient of mating success on a trait 
Opportunity for sexual 
selection (!") Variance in relative mating success 
Simple Bateman gradient 
(#"") Simple regression coefficient of reproductive success on mating success 
Partial Bateman gradient 
(#+,) Partial regression coefficient of reproductive success on mating success, controlling for other measured traits or environments 
Simple Jones index 
()-./0 = #"" !") Estimated maximum strength of pre-mating sexual selection on a trait 
Partial Jones index 
(2-./0 = #+, !") Estimated maximum strength of pre-mating sexual selection on a trait, controlling for other measured traits or environments that might confound the relationship 
between mating and reproductive success 
Sexual selection (2) Component of the selection differential that is due to sexual selection 
Remaining selection (3) Component of the selection differential that is not due to sexual selection 
Response to selection 
()4) Additive genetic covariance between a trait and reproductive success; also equals the change in breeding values for a trait due to selection 
Response to sexual 
selection (24) Component of the response to selection that is due to sexual selection 
Response to remaining 
selection (34) Component of the response to selection that is not due to sexual selection 
Phenotypic variance-
covariance matrix (6) Matrix of phenotypic covariances for a set of traits 
Genetic variance-
covariance matrix (7) Matrix of additive genetic covariances for a set of traits 
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Jones (2009) recognised the need for metrics that integrate both steps in the sexual 
selection pathway, following on from previous path-based models of sexual selection 
(Arnold 1994; Arnold and Duvall 1994; Conner 1996). He defined the strength of 
pre-mating sexual selection on a trait as the product *#"" of the mating differential * 
and the Bateman gradient #"". The Jones index )-./0 = #"" !" provides an upper 
bound on *#"" for any standardised trait. In a recent simulation study, the Jones 
index outperformed all other non-trait-based indices in predicting the strength of 
sexual selection (Henshaw et al. 2016). By incorporating the Bateman gradient, 
however, Jones’ metrics inherit the same vulnerability to confounding, by other traits 
or environmental effects, when estimating the relationship between mating and 
reproductive success (see example below). 
 
An alarming example 
Anthes et al. (2016) illustrate the pitfalls of current metrics with a simple example 
looking at sexual selection on females. Imagine a species where female fecundity 
increases with size, and where males have consequently evolved to prefer mating with 
larger females. Females need sperm from at least one male to fertilise their eggs, but 
matings are easily obtained and additional matings do not influence female 
reproductive success. In this scenario, there may be positive covariances between 
(i) female size and reproductive success; (ii) female size and mating success, due to 
male preference; and (iii) female mating and reproductive success, as both are 
influenced by female size. Mating and selection differentials (* and )) on female size 
will consequently be positive, as will the Bateman gradient #"" and Jones’ measure of 
pre-mating sexual selection *#"". In fact, all currently used metrics will indicate 
positive sexual selection. However, there is no sexual selection on female size: even 
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though larger females have both more mates and more offspring, their higher mating 
success is not the cause of their higher reproductive success. This example shows how 
careful we need to be in defining and quantifying sexual selection to avoid drawing 
nonsense conclusions. 
 
Our approach 
Our path-analytic model avoids these problems by estimating both steps in the sexual 
selection pathway simultaneously, while controlling for confounding variables. In 
particular, it controls for all measured traits (e.g. body size) and environments 
(e.g. temperature) when estimating the Bateman gradient (Collet et al. 2012; 2014). 
We are not the first to propose a path-based approach to quantifying selection (e.g. 
Kingsolver and Schemske 1991; Scheiner et al. 2000; 2002; Morrissey 2014), nor to 
the particular case of sexual selection (Arnold 1994; Arnold and Duvall 1994; Conner 
1996). However, our method avoids some key conceptual and statistical problems 
associated with previous approaches (see Comparison to existing path-based 
approaches to sexual selection). 
 
Our model can be applied to both purely phenotypic data or to quantitative genetic 
parameters estimated using controlled breeding designs or animal models (Lynch and 
Walsh 1998; Kruuk 2004; Wilson et al. 2010). As input it requires only the 
covariances (phenotypic or additive genetic) between all measured variables – at 
minimum, this means mating success, reproductive success and at least one trait. The 
phenotypic model decomposes the selection differential into components due to 
sexual and remaining selection. The quantitative genetic model decomposes the 
evolutionary response to selection analogously. 
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Our quantitative genetic model extends the approach of Stinchcombe et al. (2014), 
who provide genetic analogues of selection gradients. It uses a similar methodology to 
Scheiner et al. (2002), who applied path analysis to the means of full and half-sib 
families, except that our model accommodates any method for estimating genetic 
resemblance. Morrissey (2014) provided a conceptually similar approach with a 
distinct methodology. He uses a path model to estimate selection at the phenotypic 
level, and then infers the genetic consequences of selection via an analogue of the 
breeder’s equation. A great strength of this approach is that it incorporates a very 
literal representation of the causal relationships among traits and their genetic 
underpinnings. However, it also suffers from the same problem as the classical 
breeder’s equation: namely, that unmeasured environmental variables can confound 
the analysis, even if they show no genetic variance (Rausher 1992; Morrissey et al. 
2010; Morrissey 2014). 
 
In contrast, our quantitative genetic model is only affected by confounding factors 
that covary genetically with measured variables (e.g. other unmeasured traits, 
extended phenotypes, or parental effects: Stinchcombe et al. 2014). For instance, 
suppose that the mean temperature during development has direct positive effects on 
both snout-vent length (SVL) and reproductive success in a reptile. If temperature is 
not included in the analysis, then Morrissey’s approach will overestimate the 
phenotypic relationship between SVL and reproductive success, and this overestimate 
is carried through to the genetic analysis. Our model instead relies on the additive 
genetic covariance between SVL and reproductive success, which is not expected to 
be biased by temperature. 
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Path model 
 
We model the relationships among traits 89, … , 8<, mating success =, and 
reproductive success >, according to the path diagram in Figure 1. We assume that 
traits can directly influence both mating and reproductive success, and that mating 
success can affect reproductive success. We aim to estimate the strength of these 
causal relationships. 
 
Fixed environmental effects (e.g. temperature or food availability) can be included as 
‘traits’ with no change to the model structure. Categorical fixed effects with more 
than two levels must be broken up into a series of binary dummy variables (i.e. ? − 1 
binary variables for ? levels). Random effects can be incorporated using dedicated 
structural equation modelling (SEM) software, which accommodates many familiar 
regression techniques (see Statistical considerations). 
 
Although we focus on pre-mating sexual selection, post-mating processes can be 
treated using the same approach: just replace ‘mating success’ with e.g. ‘fertilisation 
success’ or ‘share of paternity’. Selection via other fitness components can be treated 
similarly. Like most studies of sexual selection, we treat reproductive success (usually 
measured as offspring produced during a constrained period, such as breeding season) 
as an appropriate proxy for fitness. Better fitness measures (e.g. lifetime offspring 
production) can be substituted if available. We initially present the model in its 
phenotypic form, but later show how it can be applied to study the response to 
selection at the genetic level. 
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Figure 1: Path diagram for the causal relationships between traits or environmental 
effects 89, … , 8<, mating success =, and reproductive success >. Single-headed 
arrows indicate potential causal effects that are included in the model. Double-headed 
arrows indicate covariances that are not analysed causally. Path coefficients from & to ' are written #$% and covariances are written B%$. The pathway of direct sexual 
selection on 89 is shown in red, with strength estimated as σ9D#,9#+,, where B9D is the 
variance in 89. 
 
 
Like all path analyses, our approach involves two types of statistic that are important 
to distinguish: covariances and path coefficients (Loehlin 2004; Kline 2016). 
Covariances are statistical associations between variables that can arise from multiple 
alternative causal patterns (e.g. one variable influences the other, or both are 
influenced by a third variable). Covariances between trait values and mating success 
are called mating differentials, and those between traits and reproductive success are 
selection differentials (Table 1). 
 
Path coefficients are estimates of the strength of causal influence of one variable on 
another, assuming that the chosen path model is correct (see Statistical 
considerations). Mating and selection gradients are examples of path coefficients. 
They are based on the simple path model that underlies multiple regressions: a 
89	
8< 	
=	
>	
#,9 	
#+< 	
#+9	
#,< 	 #+, 	
⋅⋅⋅	BFG 	
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dependent variable (mating or reproductive success) is influenced by several 
independent variables (traits). 
 
Notation for covariances and path coefficients 
We write *F = cov(=, 8F) and )F = cov(>, 8F) for the mating and selection 
differentials on the Lth trait respectively. The selection differential on mating success 
is ), = cov(>,=). Column vectors of mating and selection differentials are written M = *9,… ,*< N and O = )9, . . , )<, ), N. Note that the vector of selection 
differentials includes mating success as a trait. 
 
The phenotypic variance-covariance matrix of the Q traits is denoted 6R. It is useful to 
also consider an enlarged phenotypic variance-covariance matrix 6R, that includes 
mating success as a trait. The relationship between 6R and 6R, is: 
 
 6R, = 6R MMN B,D  (1) 
 
We write #,F for the path coefficients from the Lth trait to mating success, #+F for 
those from the Lth trait to reproductive success, and #+, for that from mating success 
to reproductive success (Figure 1). Column vectors of path coefficients leading to 
mating and reproductive success are written as S, = #,9, … , #,< N and S+ = #+9, … , #+<, #+, N. 
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Standardisation of traits 
Our analysis does not depend on how traits are standardised, except where noted. For 
many applications, it is helpful to variance-standardise trait values (i.e. first deduct the 
mean from all trait values, and then divide by the standard deviation). This ensures 
that selection differentials are expressed in terms of phenotypic standard deviations 
(Lande and Arnold 1983). For some purposes, mean-standardisation of traits 
(i.e. dividing by the mean) may be more appropriate (Houle 1992; Hereford et al. 
2004; Houle et al. 2011). Relative (i.e. mean-standardised) reproductive success 
should be used to ensure compatibility with quantitative genetic theory, and relative 
mating success is often used for similar reasons (Jones 2009). 
 
Solving for the path coefficients 
Following Wright’s rules (Wright 1934; Loehlin 2004), the path coefficients in 
Figure 1 should obey the following equations (where we write BFG = cov(8F, 8G)): 
 
 *F = BFG#,G<GT9  (2) 
 
 )F = BFG(#+,#,G + #+G)<GT9  (3) 
 
 ), = B,D#+, + #,GBFG#+F<GT9<FT9  (4) 
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This is a system of 2Q + 1 equations with the same number of path coefficients as 
unknowns (remember that Q is the number of traits). We should consequently expect 
an exact solution (in path-analytic terms, the system is ‘just-determined’: Loehlin 
2004). The system can be summarised as two matrix equations: 
 
 M = 6RS, (5) 
 
 O = 6R,S+ (6) 
 
These equations are very intuitive. The path coefficients S, are equal to the partial 
regression coefficients of mating success on the Q traits (i.e. the mating gradients). 
Similarly, S+ equals the partial regression coefficients of reproductive success on the Q traits and mating success (i.e. the selection gradients). By inverting equations (5) 
and (6), we obtain simple expressions for all path coefficients, namely S, = 6RW9M 
and S+ = 6R,W9 O. 
 
A simple definition of sexual selection 
We can now partition the selection differential on the Lth trait into sexual selection 
and remaining selection: )F = 2F + 3F. The sexual component consists of all pathways 
that pass through mating success (Figure 1). It is given by: 
 
2F = #+, BFG#,G<GT9 = #+,*F (7) 
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 Remaining selection occurs via all other pathways, and is given by: 
 
 3F = BFG#+G<GT9  (8) 
 
More succinctly, the vector of selection differentials on the Q traits (excluding mating 
success) can be written as: 
 
 OR = X + Y = 6R #+,S, + SZ∗ , (9) 
 
where SZ∗ = #+9, … , #+< N is just SZ with the last entry chopped off. 
 
Direct selection and the Lande-Arnold selection gradient 
Morrissey (2014) refers to (F = #+,#,F + #+F as the ‘extended selection gradient’ on 
the Lth trait (see Comparison with Morrissey’s path-analytic approach). It is the total 
effect of the Lth trait on fitness via any causal pathway. In our model, (F = #F, where #F is the selection gradient on the Lth trait that is obtained by regressing reproductive 
success on the Q traits, while ignoring mating success. Note that #F differs from the 
path coefficient #+F because the latter is calculated from a regression including mating 
success as a predictor. Direct selection on the Lth trait is given by BFD(F = BFD#F, 
consistent with the Lande-Arnold framework (Lande and Arnold 1983; Scheiner et al. 
2000). 
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‘Partial’ definitions of the Bateman gradient and the Jones index 
The path coefficient #+, estimates how mating success influences reproductive 
success. It is analogous to the Bateman gradient #"", which is the slope of the simple 
linear regression of reproductive success on mating success (Arnold and Duvall 1994; 
Jones 2009), except that #+, controls for spurious relationships between mating and 
reproductive success arising from any common causes (i.e. traits or environments) 
that are included in the analyses (Collet et al. 2012; 2014). We consequently refer to #+, as a ‘partial’ Bateman gradient. 
 
If all traits affecting mating success are uncorrelated with those affecting reproductive 
success (i.e. if BFG = 0 whenever both #,F and #+G are nonzero) then equation (4) 
gives us: 
 
 #+, = ),B,D = #"" (10) 
 
In other words, the partial and simple Bateman gradients are equal. Total sexual 
selection on the Lth trait is then 2F = *F#"", which aligns with the definition of 
Jones (2009). For variance-standardised traits, this quantity is bounded in magnitude 
by the Jones index )-./0 = #"" !", where !" = B,D  is the opportunity for sexual 
selection (Wade and Arnold 1980; Jones 2009; Henshaw et al. 2016). Remaining 
selection can be expressed in this case as 3F = cov(8F, ]), where ] is the residual in 
the simple regression of reproductive success on mating success (Jones 2009).  
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In general, when some traits (or pairs of correlated traits) affect both mating and 
reproductive success, the partial and simple Bateman gradients may not be equal. In 
this case, sexual selection on a trait is bounded as follows: 
 
 2F ≤ #+, BFD!" (11) 
 
For variance-standardised traits (i.e. where BFD = 1), the strength of pre-mating sexual 
selection is bounded in magnitude by the partial Jones index 2-./0 = #+, !". This 
bound applies to any standardised trait, even those not included in the original 
analysis. It is exact only if the analysis includes all confounders of the relationships 
between mating and reproductive success. The simple Jones index )-./0  is generally a 
less accurate bound because it does not control for any confounding effects. 
 
Two types of analysis: phenotypic and quantitative genetic 
Our method can be used to estimate sexual selection at a phenotypic level, or the 
response to sexual selection at a genetic level. As input it takes the matrix of 
covariances among measured traits and environmental effects, mating success and 
reproductive success. The type of covariances used – phenotypic or additive genetic – 
determines the type of analysis (see Worked examples). 
 
Phenotypic covariances quantify the strength of associations among measured 
variables without any inference about their genetic underpinnings. The selection 
differential (i.e. the phenotypic covariance between a trait and reproductive success) 
is of particular interest because it equals the difference in mean phenotype between all 
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individuals and the parents of offspring (Lande 1979; Jones 2009; Henshaw and 
Zemel 2016). Applying our model to phenotypic covariances allows the selection 
differential on each trait to be split into sexual and remaining selection (equations (7) 
though (9)). This helps us understand how realised trait values are related to 
reproductive and mating success; e.g. which phenotypes have higher reproductive 
success, and to what extent this can be explained by differences in mating success? 
 
In contrast, given detailed knowledge of relatedness among individuals (e.g. a 
pedigree or a controlled breeding design), one can estimate the additive genetic 
covariances among measured variables (Lynch and Walsh 1998; Kruuk 2004; Wilson 
et al. 2010). By Robertson’s secondary theorem of selection, the evolutionary 
response to selection (i.e. the change in mean breeding values within a generation) is 
equal to the additive genetic covariance between a trait and fitness (Robertson 1968; 
Morrissey et al. 2010; Walsh and Lynch 2014). When applied to additive genetic 
covariances, our method allows this estimated response to be broken down into 
components due to sexual and remaining selection (cf. Stinchcombe et al. 2014). We 
can then ask how breeding values for traits and fitness covary, and to what extent any 
association can be explained by genetic covariance with mating success. 
 
For the genetic model, the analogues of equations (5) and (6) are: 
 
 M4 = 7RS,4 (12) 
 
 O4 = 7R,S+4 (13) 
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The genetic mating differential M4 is a vector of estimated additive genetic 
covariances between the Q traits and mating success. The genetic selection differential O4 consists of the additive genetic covariances of the Q + 1 traits (including mating 
success) with reproductive success. It estimates the evolutionary response to selection 
for these traits. The matrices 7R and 7R, are additive genetic variance-covariances 
matrices, excluding and including mating success respectively. The genetic path 
coefficients S,4 and S+4 are analogous to their phenotypic counterparts. 
 
Comparison with Morrissey’s path-analytic approach 
In contrast to our model, which estimates the response to selection using Robertson’s 
secondary theorem of selection, Morrissey (2014) approximates the response to 
selection as _` = a7bc. Here a is a matrix representing the total causal effects of 
each trait on all other traits (excluding fitness), estimated using a phenotypic path 
model. The extended selection gradients c are estimates of the total causal effects of 
each trait on fitness. The matrix 7b represents additive genetic variances and 
covariances beyond those attributable to causal relationships in the path model. For 
instance, in our model, mating success is influenced by other phenotypic traits, and so 
some of the additive genetic variance in mating success will result from additive 
genetic variance in these traits. The matrix 7b contains additional additive genetic 
variance in mating success that does not result from the underlying traits. 
 
For our model, we have: 
 
 a = de fSgN 1 , (14) 
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where de is an Q×Q identity matrix and f is a column of zeroes, and 
 
 c = aNSZ = #+,#,9 + #+9⋮#+,#,< + #+<#+,  (15) 
 
Because c is based on phenotypic rather than additive genetic relationships, it is 
sensitive to confounding by environmental variables, including those that show no 
additive genetic variance. This confounding is then passed on to the estimated 
evolutionary response to selection _`. In contrast, our quantitative genetic model is 
only sensitive to confounders that covary genetically with measured variables. 
 
Interpreting sexual and remaining selection 
Sexual selection X and remaining selection Y take on different meanings depending on 
how fitness components are defined and measured (Anthes et al. 2016). Studies of 
pre-mating sexual selection usually define an individual’s mating success as its 
number of matings or mating partners. ‘Sexual selection’ is then strictly confined to 
selection to increase this number. Remaining selection is everything else, including 
post-mating processes such as sperm competition or cryptic choice, and, more subtly, 
selection for mate quality (Jones 2009; Fitzpatrick 2015). If other variables such as 
paternity share or fertilisation success are substituted for mating success, then the 
interpretation will change accordingly. The definition of reproductive success also 
varies among studies. In particular, mortality may play a minor or a major role 
depending on the period and conditions of measurement. These differences in 
measured fitness components must be kept in mind when comparing studies.  
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Worked examples 
 
To illustrate the use of our method we provide two worked examples based on 
simulated data. 
 
Fat, sexy and fecund: a phenotypic example 
First we modelled the example of misidentified sexual selection on females from 
Anthes et al. (2016) that we presented in the introduction. We simulated female body 
size 8, mating success = and reproductive success > in a sample of 1000 females 
(details in Supporting Information). We assumed that all females find at least one 
mate, and that mating success increases roughly linearly with body size. Reproductive 
success also increases linearly with size, but is not directly influenced by mating 
success (Figure 2a).  
 
Although there was strong selection on body size ()R = 0.3), our model correctly 
attributed this to the direct effect of body size on reproductive success (3R = 0.29), 
rather than to pre-mating sexual selection (2R = 0.00: Table 2). In contrast, 
alternative path-based approaches suggest substantial sexual selection, even though 
none is acting (Arnold 1994; Conner 1996; Jones 2009: see Comparison with existing 
path-based approaches to sexual selection). These alternative approaches also 
drastically misestimate the strength of remaining selection on body size (Table 2). 
 
The failure of alternative models in this example has main two causes. First, they 
overestimate the causal effect of mating success on reproductive success by failing to 
control for body size. A naive interpretation of the simple Bateman gradient would 
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suggest that each additional mating partner results in 0.8 more offspring on average 
(raw value of the simple Bateman gradient #"" = 0.80: Table 2). In contrast, our 
model correctly estimates that there is no causal effect of mating success on 
reproductive success (partial Bateman gradient #+, = 0.00). Second, if total 
fecundity is independent of mating success =, then fecundity per mate is proportional 
to 1/= for any given female. The models of Arnold (1994) and Conner (1996) 
include fecundity per mate as a variable, but fail to account for this dependence (see 
Comparison with existing path-based approaches to sexual selection). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2: Path diagrams for the worked examples: (a) ‘Fat, sexy and fecund’, and 
(b) ‘Cheating vs caring’. Single-headed arrows indicate potential causal effects that 
are included in the model, shown as solid arrows if there is a true causal effect, and as 
dashed arrows if there is no true causal effect. Double-headed arrows indicate 
covariances that are not analysed causally. Path coefficients from & to ' are written #$% and covariances are written B%$. Shown with body size 8, care effort n, ornament 
expression o, mating success =, and reproductive success >. 
(a) 
(b) 
8	 =	
>	
#,R 	
#+R 	 #+, 	
o	
n	
=	
>	
#,p 	
#+q 	
#+p 	
#,q 	 #+, 	Bqp 	
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Table 2: Results of ‘Fat, sexy and fecund’, showing how various modelling 
approaches estimate sexual and remaining selection on body size 8, based on its 
relationships with mating success =, fecundity per mate r, and reproductive 
success >. Relativised values of parameters are calculated from mean-standardised r, = and >, whereas raw values are calculated from unstandardised r, = and >. Body 
size is standardised so that BRD = 1. We write #%$|qt for the partial regression 
coefficient of & on ' with covariates n and u. The notation #%$|∅ explicitly indicates 
that there are no covariates (i.e. the simple regression coefficient of & on '). The 
residual in the simple regression of > on = is denoted ]. Models in which these 
parameters feature are abbreviated as: A = Arnold (1994); C = Conner (1996); 
J = Jones (2009); and HJK = our model. 
 
Parameter Model Formula Relativised value 
Raw 
value 
Mating gradient on 8 All #,R 0.33 1.73 
Fecundity-per-mate 
gradient on 8 A, C #wR -0.12 -0.30 
Selection gradient on 8 
(controlling for =) HJK #+R = #+R|, 0.29 3.00 
Simple Bateman 
gradient C, J #"" = #+,|∅ 0.40 0.80 
Partial Bateman 
gradient HJK #+, = #+,|R 0.00 0.00 
Selection gradient on = 
(controlling for r) A #+,|w 0.70 1.39 
Selection gradient on r 
(no control) C #+w|∅ 0.09 0.36 
Selection gradient on r 
(controlling for =) A #+w|, 0.33 1.30 
Pre-mating 
sexual selection 
A BRD#+,|w#,R 0.24 2.40 
C, J BRD#""#,R 0.14 1.38 
HJK 2R = BRD#+,#,R 0.00 0.00 
Remaining 
selection 
A BRD#+w|,#wR -0.04 -0.39 
C BRD#+w|∅#wR -0.01 -0.11 
J cov(8, ]) 0.16 1.62 
HJK 3R = BRD#+R 0.29 3.00 
Total selection 
(selection differential) All )R = BR+ = 2R + 3R 0.30 3.00 
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Cheating vs caring: a phenotypic and genetic example 
Second we modelled a scenario based loosely on socially monogamous birds (details 
in Supporting Information). We assumed that all males have a social mate, whose 
offspring they invest in. They also seek copulations with extra-pair females, whom 
they advertise to using an ornament. Extra-pair mating success = increases with 
ornament expression o, and reproductive success > increases with both care effort n 
and extra-pair mating success = (Figure 2b). We assumed that care effort is 
negatively correlated with ornament expression at the genetic level, due to inherent 
resource trade-offs. However, they are positively correlated at the phenotypic level 
because the total resources available to a male are influenced by unmeasured 
environmental effects. 
 
We generated values of n, o, = and > for a sample of Q = 10	000 males of known 
parentage (details in Supporting Information). We estimated additive genetic 
variances and covariances among these variables via an animal model in ASReml-R, 
assuming an unstructured variance-covariance matrix. We then estimated phenotypic 
path coefficients using equations (5) and (6) and genetic path coefficients using 
equations (12) and (13). 
 
At the phenotypic level, both care effort and ornament expression were under strong 
positive selection ()q = 0.26 and )p = 0.16; see Figure 3 and Table 3). Our model 
attributes this mainly to direct remaining selection on n (i.e. care effort affects 
reproductive success directly), and to direct sexual selection on o (i.e. ornament 
expression affects mating success, which then affects reproductive success). This 
pattern of direct selection was reinforced by indirect sexual selection on n and 
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indirect remaining selection on o, which arose from the positive phenotypic 
covariance between these two traits (Table 3). 
 
The estimated response to selection at the genetic level was much smaller than the 
phenotypic selection differentials ()4q = 0.08 and )4p = 0.01; see Figure 3 and 
Table 3). There are two reasons for this. First, since both genes and the environment 
contribute to trait expression, all traits had smaller additive genetic variance than 
phenotypic variance (Figure 3). This constrains the additive genetic covariance 
between traits and reproductive success, by which we estimate the response to 
selection. Second, care effort and ornament expression covaried negatively at the 
genetic level. This genetic trade-off resulted in negative indirect selection on breeding 
values for both traits. Direct and indirect selection consequently pulled in different 
directions, which reduced the overall response to selection (Table 3). 
 
 
 
 
 
(a) Phenotypic variance-covariance matrix 
 6R, OON B+D =
BqD Bqp *q )q	 BpD *p )p	 	 !" = B,D ),	 	 	 B+D =
1 0.19 0.07 0.26	 1 0.36 0.16	 	 0.39 0.15	 	 	 0.24  
 
(b) Additive genetic variance-covariance matrix 
 7R, O}O}N B4+D =
B4qD B4qp *4q )4q	 B4pD *4p )4p	 	 B4,D )4,	 	 	 B4+D =
0.50 −0.21 −0.09 0.08	 0.53 0.19 0.01	 	 0.09 0.01	 	 	 0.02  
 
 
Figure 3: Estimated phenotypic and additive genetic variance-covariance matrices for 
the worked example ‘Cheating vs caring’. 
79
 
 
Table 3: Results of ‘Cheating vs caring’, showing (a) phenotypic path coefficients 
and estimates of sexual, remaining and total selection, and (b) genetic path 
coefficients and the estimated evolutionary response to each type of selection. The 
measured traits are care effort n, ornament expression o, relative mating success =, 
and relative reproductive success >. Care effort and ornament expression are 
standardised so that BqD = BpD = 1. 
 
 
 
(a) Parameter Formula Value 
Phenotypic 
path 
coefficients 
Mating 
gradients 
n #,q  0.00 o #,p 0.36 
Selection 
gradients 
n #+q  0.24 o #+p 0.00 
Partial Bateman 
gradient #+, 0.34 
 Partial Jones index 2-./0 = #+,B, 0.21 
Sexual 
selection 
Direct n BqD#+,#,q  0.00 o BpD#+,#,p 0.12 
Indirect n Bqp#+,#,p 0.02 o Bqp#+,#,q  0.00 
Total 
n 2q = *q#+, = BqD#+,#,q + Bqp#+,#,p 0.02 o 2p = *p#+, = BpD#+,#,p + Bqp#+,#,q  0.12 
Remaining 
selection 
Direct n BqD#+q  0.24 o BpD#+p 0.00 
Indirect n Bqp#+p 0.00 o Bqp#+q  0.05 
Total n 3q = BqD#+q + Bqp#+p 0.24 o 3p = BpD#+p + Bqp#+q  0.04 
Total 
selection 
Selection 
differentials 
n )q = Bq+ = 2q + 3q  0.26 o )p = Bp+ = 2p + 3p 0.16 
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(b) Parameter Formula Value 
Genetic 
path 
coefficients 
Mating 
gradients 
n #4,q  -0.03 o #4,p 0.34 
Selection 
gradients 
n #4+q  0.21 o #4+p 0.03 
Partial Bateman 
gradient #4+, 0.19 
 Genetic partial Jones index 2~	-./0 = #4+,B4, 0.06 
Response to 
sexual 
selection 
Direct 
n B4qD #4+,#4,q  0.00 o B4pD #4+,#4,p 0.03 
Indirect n B4qp#4+,#4,p -0.01 o B4qp#4+,#4,q  0.00 
Total 
n 24q = *4q#4+, = B4qD #4+,#4,q + B4qp#4+,#4,p -0.02 o 24p = *4p#4+, = B4pD #4+,#4,p + B4qp#4+,#4,q  0.04 
Response to 
remaining 
selection 
Direct 
n B4qD #4+q  0.11 o B4pD #4+p 0.02 
Indirect 
n B4qp#4+p -0.01 o B4qp#4+q  -0.04 
Total 
n 34q = B4qD #4+q + B4qp#4+p 0.10 o 34p = B4pD #4+p + B4qp#4+q  -0.03 
Total 
response to 
selection 
Genetic 
selection 
differentials 
n )4q = B4q+ = 24q + 34q  0.08 o )4p = B4p+ = 24p + 34p 0.01 
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Our model controls for care effort and ornament expression when estimating the 
relationship between mating success and reproductive success (i.e. the partial 
Bateman gradient). At the phenotypic level, the simple Bateman gradient modestly 
overestimated this relationship by failing to account for the positive covariance 
between care effort (which affects reproductive success) and ornament expression 
(which affects mating success). The opposite happened at the genetic level, where the 
negative covariance between n and o led the simple Bateman gradient to 
underestimate the causal effect of mating success on reproductive success (see 
Table S1 in Supporting Information). 
 
Statistical considerations 
 
Causality and hidden variables 
The statistical assumptions underlying our model are similar to most regression-based 
approaches and deviations from them can often be dealt with in similar ways. Most 
importantly, the path model (Figure 1) is assumed to be a correct representation of the 
underlying causality, meaning that (i) if & influences ' then there is an arrow from & 
to ' in the path diagram, and (ii) there are no ‘hidden variables’ that independently 
influence two or more path variables, but are themselves not included in the model 
(Loehlin 2004). For instance, it is assumed that mating success influences 
reproductive success, but not the other way around. This assumption will be violated 
in fish species where females prefer to mate with males tending larger nests, leading 
to a ‘backward’ causal effect of male reproductive success on male mating success 
(Wisenden 1999). Similarly, females may sometimes adjust their mating rate to match 
their current egg production. Mating and reproductive success may also directly affect 
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phenotypic traits, such as when body condition deteriorates due to breeding 
(Milenkaya et al. 2013). Some of these backward causal effects can be avoided by 
careful choice of variables (e.g. measure body condition at the start of the breeding 
season). 
 
The assumption of no hidden variables is more problematic, as is well known from 
phenotypic studies of selection (Mitchell-Olds and Shaw 1987; Rausher 1992; 
Morrissey et al. 2010; Walker 2014). Analyses will generally be improved by 
including obvious confounders such as body size or condition (Scheiner et al. 2002). 
Our quantitative genetic model is less sensitive to confounding by environmental 
variables, as these will usually show no additive genetic variance. Although some 
important variables will always be missed, our approach provides a better estimate of 
sexual selection than simple regression-based methods, which also assume no hidden 
variables. However, the impossibility of accounting for all hidden variables means 
that manipulative experiments are essential to uncover causal patterns (see 
Concluding remarks). 
 
For well-studied species, researchers may have strong prior hypotheses about the 
causal relationships among traits and fitness components. The best a priori path 
model may then differ from that in Figure 1 (e.g. by excluding some paths or 
modelling the internal causal structure among traits explicitly). For alternative path 
structures, the simple analytic equations that we present no longer apply. Tailored 
models can lend considerable insight into the causes of selection (e.g Conner et al. 
1996; Sheldon and Ellegren 1999; Latta and McCain 2009; Dai and Galloway 2013). 
They can be fitted using dedicated SEM software (e.g. commercial packages like 
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Mplus and Stata, or the R package lavaan: Rosseel 2012). One drawback is that 
differing model assumptions make it harder to compare sexual selection among 
species or between the sexes, as has been done with standard metrics of sexual 
selection (Janicke et al. 2016). In contrast, our method can be applied to any system, 
and requires no more than the minimum data needed to measure sexual selection on 
traits (i.e. trait measures, mating or fertilisation success, and reproductive success). 
Our approach is consequently well-suited for comparative analyses.  
 
Non-linearity and collinearity 
Standard path analyses assume that causal relationships, represented by single-headed 
arrows in the path diagrams, are linear and additive. Mild departures from these 
assumptions are usually tolerated without model re-specification (Loehlin 2004). In 
some cases, non-linearity can be dealt with by transforming variables. It is preferable 
not to transform reproductive success, however, as this obscures connections between 
the path model and broader evolutionary theory (Stanton and Thiede 2005: see 
Comparison with existing path-based approaches to sexual selection). More generally, 
non-linearity and non-additivity can be accommodated using generalised regression 
techniques (see More flexible models: GLMs, GLMMs and piecewise SEM). 
 
Strong collinearity among variables (e.g. pairwise correlations of 3 > 0.7) can make 
estimates of path coefficients error-prone (Schielzeth 2010). Collinearity can be dealt 
with by a variety of techniques that group correlated variables together or eliminate 
some from the analysis (Dormann et al. 2013). For morphometric traits that are highly 
correlated with body size, collinearity can be reduced by using relative trait values 
(i.e. dividing each trait value by the individual’s body size).  
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 Estimating uncertainty and hypothesis testing 
For phenotypic models, point estimates of path coefficients can be obtained by 
inverting equations (5) and (6) or by fitting the associated regression models. 
Confidence intervals and p-values for path coefficients be taken either directly from 
the fitted regressions, or by fitting the full model using SEM software (e.g. in Lavaan, 
which will also provide uncertainty estimates for compound variables such as the total 
strength of sexual selection: Rosseel 2012).  Most SEM packages allow data to be 
inputted either in full (i.e. as values for each individual) or as a variance-covariance 
matrix. The model’s explanatory power can be assessed by calculating >D values for 
mating and reproductive success. These methods assume that variables are 
approximately multivariate normal with independent errors (see More flexible 
models: GLMs, GLMMs and piecewise SEM). 
 
For the quantitative genetic model, point estimates of path coefficients can be 
obtained by inverting equations (12) and (13), as in the second worked example. 
Estimating uncertainty is trickier, because it is important not to neglect the uncertainty 
in additive genetic covariances arising from the mixed model (Hadfield et al. 2010). 
The current best  approach – and one we intend to explore with the current datasets – 
is probably to use a Bayesian framework (e.g. using the R package MCMCglmm: 
Hadfield 2010) to estimate posterior distributions for the genetic variance-covariance 
matrix (Stinchcombe et al. 2014; Kruuk 2014). Posterior distributions for all 
parameters can be calculated directly from these. 
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In the SEM literature, goodness-of-fit is sometimes assessed by how closely models 
reproduce the observed covariance matrix among measured variables. Our model 
necessarily reproduces this matrix perfectly (as our model is ‘just determined’: 
Loehlin 2004), and so most covariance-based measures of fit are not relevant. For 
researchers who wish to change the path structure in Figure 1, however, these 
measures of fit may be informative (see e.g. Kline 2016 for appropriate statistics). 
Model selection methods can also be used to compare the path model in Figure 1 to 
alternatives (e.g. models with fewer arrows), although we suspect that evolutionary 
biologists will rarely have the reasons, or the data, to do this satisfactorily.  
 
More flexible models: GLMs, GLMMs and piecewise SEM 
Mating and reproductive success are generally measured as count variables (e.g. as 
the number of mates, matings or offspring). Residuals may consequently not be (even 
approximately) normal. In particular, heteroscedasticity is likely to be a problem. 
Non-normality has two main consequences. First, point estimation of parameters will 
be inefficient, requiring larger sample sizes to achieve the same error. Second, 
test-based estimates of uncertainty may be inaccurate. 
 
One solution is to estimate each step of the sexual selection pathway using a more 
flexible model, such as a generalised linear mixed model (GLM), which can 
accommodate non-normal response variables and departures from linearity. For 
instance, mating and reproductive success can be modelled using Poisson or negative 
binomial distributions (Broquet et al. 2015; Martin et al. 2015; Turnell and Shaw 
2015; Worthington and Kelly 2016). Random effects (e.g. year or location) can be 
incorporated using a generalised linear mixed model (GLMM) (O'Hara 2009).  
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 Traditional SEM has been slow to accommodate these more flexible regression 
approaches because all parameters are estimated globally (although note that Mplus 
and Stata have ‘generalised SEM’ functions). In contrast, ‘piecewise SEM’ estimates 
each piece of the model locally (Lefcheck 2016; Shipley 2016). The R package 
piecewiseSEM imports most mainstream regression techniques into an SEM context, 
using familiar R syntax (Lefcheck 2016). The explanatory power of these models is 
best measured using >D values for the component regressions (Nakagawa and 
Schielzeth 2013).  
 
The ‘aster’ models are a similar approach to modelling causal relationships that is 
designed to cope well with non-normal variables (Geyer et al. 2007; Shaw et al. 2008; 
Shaw and Geyer 2010). Currently, aster models have been developed only for chain 
graphs, where every response variable has a single cause. Extending these methods to 
directed acyclic graphs (Pearl 2009; Shipley 2016) would be valuable for many areas 
of evolutionary biology, including sexual selection. 
 
Average partial gradients 
One disadvantage of more general modelling approaches is that their parameters have 
no straightforward link to central constructs of evolutionary theory like the selection 
differential, response to selection, or breeder’s equation. Study-specific decisions on 
how to construct these models may also compromise the comparability of sexual 
selection estimates among studies. 
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‘Average partial gradients’ may provide a more useful basis for comparison among 
studies. They are calculated as the average gradient of a response variable (e.g. 
mating or reproductive success) on predictors (e.g. traits) over the distribution of the 
predictors (Lande and Arnold 1983; Janzen and Stern 1998; Morrissey and Sakrejda 
2013). For instance, the analogue of the Lande-Arnold selection gradient #F is given 
by Ä ÅÄ(+|`)ÅRÇ , where the function Ä(>|`) is estimated from the model. Average 
partial gradients have most often been used in the context of logistic regression 
(Janzen and Stern 1998; van Lieshout and Elgar 2009; Lackey and Boughman 2013; 
Le Galliard et al. 2015), but they can be calculated for any statistical model. 
 
Average partial gradients do not satisfy the standard equations of quantitative 
genetics, such as equations (5) and (6) above. Nonetheless, they provide an easier 
basis for comparing sexual selection models with differing structures. We can also 
salvage an analogue of the relationship #F = #+,#,F + #+F, which separates the 
Lande-Arnold selection gradient into sexually selected and remaining components 
(see Direct selection and the Lande-Arnold selection gradient). Under certain 
conditions, given below, we have: 
  
Ä ÉÄ(>|`)É8F = Ä ÉÄ > =, `É= ÉÄ = `É8F + Ä ÉÄ > =, `É8F  (16) 
 
The first term on the right represents sexual selection (corresponding to #+,#,F) and 
the second represents remaining selection (corresponding to #+F). If mating success is 
a count variable then the notation ÅÄ(+|,,R)Å,  does not strictly make sense, but we can 
interpret it instead as a difference quotient (a discrete analogue of a derivative): 
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 ÉÄ > =, `É= = Ä > = + 1, ` − Ä > =, `= + 1 −=   
 
For equation (16) to hold, it is sufficient that any of the following three conditions is 
met (see proofs in Supporting Information): 
 
i. Expected reproductive success is a linear function of mating success 
(i.e. Ä > =, ` = Ñ ` + Ö ` = for some functions Ñ and Ö). 
 
ii. Errors in mating success are independent of trait values (i.e. if we write  = = Ä = ` + ],, then ], is independent of `). 
 
iii. Mating success is Poisson-distributed for any given trait values 
(i.e. =|`~Poisson(ã ` ) for some function ã). 
 
These conditions are reasonably liberal (e.g. the Lande-Arnold framework assumes 
both i and ii). The functions Ä = `  and Ä > =, `  must be estimated via the 
models. For example, in a GLM framework we would have Ä = ` = åW9(ç,R`) 
and Ä > =, ` = éW9(ç+R` + è+,=) where å and é are link function and ç,R, ç+R and è+, are parameters to be estimated. In contrast, the relationship #F = #+,#,F + #+F always holds, but may be difficult to interpret if there are 
deviations from linearity, additivity or normality. 
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Comparison to existing path-based approaches to sexual selection 
 
We are not the first to propose a path-based model of sexual selection, but our model 
avoids some conceptual and statistical limitations of previous approaches. Arnold 
(1994) and Conner (1996) constructed path models to quantify the relationship 
between traits and fitness via two or more multiplicative fitness components. In our 
application of these models, reproductive success is the product of two components: 
mating success = and fecundity per mate r (Figure 4). The models contain two tiers 
of regression. First, each component of reproductive success is regressed on the 
measured traits. Second, reproductive success is regressed on its components, using 
either a combined multiple regression over all components (Arnold 1994) or separate 
simple regressions for each component (Conner 1996).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4: Path diagram for the causal relationships between a single trait 8, mating 
success =, fecundity per mate r, and reproductive success >, as used in the models of 
Arnold (1994) and Conner (1996). The coefficients #,R and #wR are simple 
regression coefficients of = on 8 and r on 8 respectively. The coefficients #+, and #+w are either partial regression coefficients in the multiple regression of > on both = 
and r (Arnold 1994) or simple regression coefficients in separate regressions of > on = and > on r respectively (Conner 1996). The pathway of direct sexual selection on 8 is shown in red, with strength estimated as σêD#,R#+,.  
=	
r	 >	8	
#,R 	
#wR 	
#+, 	
#+w 	
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Direct selection on a trait via a particular component of reproductive success is 
calculated as the product of (i) the trait variance, (ii) the gradient of the component on 
the trait, and (iii) the gradient of reproductive success on the component. We include 
the trait variance here for consistency with general evolutionary and path analysis 
theory, although this does not affect our qualitative conclusions. In our example, 
pre-mating sexual selection is defined as selection via mating success, and remaining 
selection is selection via fecundity per mate. Jones’ (2009) definition of sexual 
selection is equivalent to Conner’s model, applied to a single trait, but he calculates 
remaining selection by deducting his estimate of sexual selection from the selection 
differential. 
 
These models differ from ours in one crucial respect: they calculate the relationship 
between mating and reproductive success either without controlling for other 
variables (Conner 1996; Jones 2009) or controlling only for fecundity per mate 
(Arnold 1994). In contrast, our model estimates this relationship using a partial 
Bateman gradient that controls for measured traits and environmental effects. In 
addition, the models of Arnold and Conner assume that mating success does not 
influence fecundity per mate. This assumption will be broken whenever total 
fecundity does not increase in proportion to mating success (i.e. for females of almost 
all species and males of many). For example, if total fecundity is fixed, then fecundity 
per mate will be proportional to 1/=, but this dependence is not accounted for by 
Arnold (1994) or Conner (1996). 
 
We outline three additional technical issues affecting previous path-based approaches 
(noting that some points do not apply to all models). First, Arnold (1994) and 
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Conner (1996) do not estimate gradients in a traditional SEM framework, but rather 
as stacked regressions. Deviations from Wright’s rules are consequently not 
minimised in any controlled way (note that, unlike our model, the models of Arnold 
and Conner are underdetermined: Loehlin 2004). Consequently, these models do not 
provide an additive (or even an ‘additive as possible’) breakdown of the selection 
differential into sexual and remaining components (see Table 2, where sexual and 
remaining selection on body size do not add up to the selection differential). Jones’ 
model does not suffer from this issue, because remaining selection is defined 
explicitly to satisfy additivity. 
 
Second, reproductive success is not an additive function of its components, but rather 
a multiplicative one (i.e. > = =r). Because this relationship is exact and known a 
priori, there is no need to estimate it via multiple regression, as Arnold does. This just 
creates an error-prone model of something we already understand (Conner 1996). 
Arnold suggests taking logarithms of reproductive success and its components to meet 
the additivity assumption of linear regression. This does not make the regression any 
more informative, however. For example, if we estimate the relationship log > = log= + log r using multiple regression, then the partial regression 
coefficients should both approximately equal one, with any deviation due only to 
estimation error. This tells us nothing about the importance of mating success in 
determining reproductive success.  
 
Third, derived variables like ‘fecundity per mate’ are not defined for individuals that 
never mate. Methods that include such variables must consequently exclude 
zero-mated individuals from the relevant parts of the analysis or assume that these 
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individuals would have achieved average fecundity (Moorad and Wade 2013). Our 
approach does not require this, because fecundity per mate is not included as a 
variable. 
 
These issues can lead to substantial misestimation of sexual selection, even in simple 
and biologically plausible examples (Table 2). 
 
Concluding remarks 
 
Path-analytic approaches have yielded fundamental insights into how selection 
operates (Kingsolver and Schemske 1991; Scheiner et al. 2000; Morrissey 2014), 
which are especially relevant to understanding and quantifying sexual selection 
(Arnold 1994; Arnold & Duvall 1994; Jones 2009; Anthes et al. 2016). We have built 
upon this tradition to provide a consistent framework for quantifying sexual selection 
that avoids many pitfalls of previous approaches. Our approach estimates causal 
relationships based on observations of unmanipulated natural or laboratory 
populations. These causal inferences will necessarily be uncertain, because it is 
impossible to measure and control for all possible confounding factors. We support 
the view of Anthes et al. (2016) that careful manipulative studies should play a larger 
role in sexual selection research. Nonetheless, many important variables are difficult 
to manipulate (e.g. attractiveness, fighting ability, mating success). It is also 
dangerous to extrapolate from laboratory populations, where manipulation is most 
feasible, to the natural environment where selection usually operates (Endler 1986; 
Reznick and Ghalambor 2005; Fisher et al. 2015). We consequently believe that 
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observational studies will continue to play a central role in sexual selection research, 
and it is important to analyse them in a conceptually sound statistical framework. 
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5A rigorous comparison of sexual
selection indexes via simulations
of diverse mating systems
101
Abstract
Sexual selection is a cornerstone of evolutionary theory, but measuring it has
proved surprisingly di cult and controversial. Various proxy measures – e.g.
the Bateman gradient and the opportunity for sexual selection – are widely
used in empirical studies. However, we do not know how reliably these mea-
sures predict the strength of sexual selection across natural systems, and most
perform poorly in theoretical worst-case scenarios. Here we provide a rigorous
comparison of eight commonly used indices of sexual selection. We simulated
500 biologically plausible mating systems, based on the templates of five well-
studied species that cover a diverse range of reproductive life histories. We
compared putative indices to the actual strength of premating sexual selec-
tion, measured as the strength of selection on a simulated ‘mating trait’. This
method sidesteps a key weakness of empirical studies, which lack an appro-
priate yardstick against which proxy measures can be assessed. Our model
predicts that, far from being useless, the best proxy measures reliably track
the strength of sexual selection across biologically realistic scenarios. The
maximum intensity of precopulatory sexual selection s0max (the Jones index)
outperformed all other indices and was highly correlated with the strength of
sexual selection. In contrast, the Bateman gradient and the opportunity for
sexual selection were poor predictors of sexual selection, despite their contin-
uing popularity.
Please note that, due to copyright restrictions, only the abstract of this chapter
is available in the ANU Open Research Repository. The full chapter can be
found in the printed thesis, available in the ANU Library, or via the website
of the journal Proceedings of the National Academy of Sciences of the USA.
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6A unified measure of linear and
nonlinear selection on
quantitative traits
111
Abstract
1. Lande and Arnold’s approach to quantifying natural selection has become
a standard tool in evolutionary biology due to its simplicity and generality. It
treats linear and nonlinear selection in two separate frameworks, generating
coe cients of selection (e.g. linear and quadratic selection gradients) that are
not directly comparable. Due to this somewhat artificial division, the Lande-
Arnold approach lacks an integrated measure of the strength of selection that
applies across qualitatively di↵erent selection regimes (e.g. directional, stabi-
lizing, or disruptive selection).
2. We define a unified measure of selection, the distributional selection di↵eren-
tial (DSD), which includes both linear and nonlinear selection. The DSD quan-
tifies total selection on a trait, regardless of the underlying selection regime.
3. The DSD can be partitioned into a directional component, representing
selection on the trait mean, and a nondirectional component, representing se-
lection on the shape of the trait distribution (e.g. variance, skew, or the number
of modes). When multiple traits are measured, the DSD can also be separated
into direct and correlated e↵ects, analogously to linear selection gradients. As
with linear selection di↵erentials, the DSD on a standardized trait is limited
in magnitude by the opportunity for selection.
4. The DSD is a general-purpose measure of the total strength of selection. It
is particularly valuable where traditional analyses provide limited insight, such
as in comparative studies where the shape of selection is variable. Partitioning
the DSD into directional and nondirectional selection allows biologists to assess
whether selection acts consistently in one direction, or in opposing directions
over di↵erent parts of the trait range.
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Please note that, due to copyright restrictions, only the abstract of this chapter
is available in the ANU Open Research Repository. The full chapter can be
found in the printed thesis, available in the ANU Library, or via the website
of the journal Methods in Ecology and Evolution.
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Discussion
The papers in this thesis leave many questions unresolved. But that’s science
for you – questions breed faster than answers! Here I zoom in on two of the
most interesting ones and explore how future work might address them.
Quantifying pre- and post-mating sexual selection
Competition among gametes for fertilisation is the main source of sexual se-
lection in sedentary taxa (Levitan, 1998; Parker & Pizzari, 2015). Even in
motile species, sexual selection does not end after mating (Parker, 1970; Birk-
head, 2000; Simmons, 2014; Parker & Pizzari, 2015). E↵orts to quantify sex-
ual selection have nonetheless focussed mainly on selection via mating success
(‘pre-mating sexual selection’) and we still lack a satisfactory statistical frame-
work that accommodates both pre- and post-mating sexual selection (Evans
& Garcia-Gonzalez, 2016).
One reason for this is the relative inflexibility of traditional structural equation
modelling (SEM), the go-to approach for modelling complex causal patterns.
Advanced regression techniques involving link functions, non-normal error dis-
tributions and random e↵ects are now standard in evolutionary biology, but
have been slow to jump the gap into SEM. This is particularly problematic
for modelling fitness components, which: (i) are often measured as count vari-
ables, (ii) are usually related to fitness multiplicatively rather than additively,
and (iii) often lose much of their biological meaning when transformed.
The development of piecewise SEM may solve many of these problems (Shipley,
2009; Lefcheck, 2016). In traditional SEM, all path coe cients are estimated
simultaneously, using a global measure of fit. Piecewise SEM instead separates
the path model into component pieces (e.g. one dependent variables and all its
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causal antecedents) which are fit locally. This allows structures like generalised
linear mixed models (GLMMs) to be imported into an SEM setting, providing
much more flexibility in functional and distributional assumptions (Lefcheck,
2016). In particular, piecewise SEM makes it easy to model multiplicative fit-
ness components (e.g. mating success, mate fecundity, and share of paternity)
along with their causal determinants (traits and environmental factors). The
entire sexual selection pathway could then be captured in a single model.
Comparative analyses of sexual selection (e.g. Janicke et al., 2016) depend
on standard metrics like the Bateman gradient and the opportunity for sex-
ual selection. The increased flexibility o↵ered by piecewise SEM and other
‘generalised’ modelling approaches consequently comes at a price: it makes it
more di cult to compare results across studies. I see a role for average par-
tial gradients (APGs) in maintaining comparability despite diverging model
assumptions. APGs are estimates of the mean linear e↵ect of one variable
on another, while controlling for possible confounders, and are also known as
‘average partial e↵ects’ or ‘average marginal e↵ects’ (Woolridge, 2002). Lande
and Arnold (1983) used APGs to justify their regression approach to quanti-
fying selection. Since that time they have mainly been used in the context of
logistic regression (Janzen & Stern, 1998; van Lieshout & Elgar, 2009; Lackey
& Boughman, 2013; Le Galliard et al., 2015). Increasing computational power
should, however, make APGs a practical tool for presenting and comparing
e↵ect sizes for all generalised models (Morrissey & Sakrejda, 2013).
For SEM analyses that incorporate both pre- and post-mating sexual selection,
the relationship among traits and fitness components could be represented by
APGs, allowing easier comparison among studies. For instance, the Bateman
gradient could be conceptualised as the APG of reproductive success on mating
success, where these are modelled as count variables related by an appropriate
link function. The overall APG of fitness on a trait could also be broken
down into components via each pathway (i.e. pre- and post-mating sexual
selection and remaining selection). This approach may be especially useful for
quantifying sexual selection in hermaphrodites, where causality is potentially
even more complex (Anthes et al., 2010). However, more theoretical work is
needed to show under what conditions such decompositions are valid.
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How does reciprocity get o↵ the ground?
Like all examples of conditional reciprocity (‘I help you if you helped me’), egg
trading has a bootstrapping problem (Andre´, 2014). Conditionality evolves
to target helping behaviour towards individuals who are likely to reciprocate
(Taborsky et al., 2016). Consequently, it is predicted to be under positive
frequency-dependent selection. If conditionality is rare in a population, then
helping a partner usually has no influence on the partner’s behaviour. Target-
ing helping behaviour towards partners who help is pointless in this case: the
partner would help (or not) regardless. On the other hand, if conditionality
is common, then helping partners who reciprocate is an e cient way of max-
imising the help an individual receives.
Recent theory has emphasised that separate mechanisms are required to ex-
plain the initial origins of conditional reciprocity, which perhaps explains why
it is so rare (Andre´, 2014; 2015; Bernard et al., 2016). Few plausible mech-
anisms are known, however. In egg-trading fishes, I see three processes that
might kick-start conditionality. They are not mutually exclusive, and none has
been formally modelled.
First, egg release could provide information about a mate’s fecundity (Lan-
dolfa, 2002). Fecund partners might be preferred as fathers due to indirect
genetic benefits, which could select for conditional egg release. One problem
with this explanation is that other traits, like body size, might be more reliable
indicators of long-term fecundity than any isolated release of eggs. Indeed, size-
assortative mating is common in egg-trading fishes (Fischer & Petersen, 1987).
Second, egg release might indicate that an individual has not mated recently,
and consequently has an adequate supply of sperm. Egg-trading fishes release
gametes into the water column, so there are no second chances if fertilisation
is incomplete. Preferentially releasing eggs to partners that have not mated
recently might increase the chances that the eggs are fertilised.
Third, ancestral mating may have already involved multiple bouts of egg re-
lease, but without any conditionality. Staggering the release of eggs may have
originally served another purpose, such as increasing the surface area of egg
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batches to improve fertilisation success. Continuing to mate with a partner
that has run out of eggs would cost time, which could be better spent courting
a new partner that might still have eggs. Time costs could be exacerbated by
the high population-level synchronicity of mating in some egg-trading species
(Friedman & Hammerstein, 1991).
Many other cases of conditional reciprocity occur in species that live in kin-
based social groups (e.g. food-sharing in vampire bats), in which helping may
be targeted to both kin and non-kin (Wilkinson et al., 2016; Taborsky et al.,
2016). Helping in these species may have evolved originally as an unconditional
behaviour towards close kin (e.g. between mothers and their daughters). Older
individuals can easily infer kin relationships behaviourally (e.g. the bat being
suckled by your sister is probably a niece or nephew). However, younger
individuals might evolve to infer kinship from the helping behaviour itself.
This would select for a rudimentary kind of conditionality (‘If you help me
then you are kin, so I help you later’) that could be elaborated into more
nuanced reciprocity, including between non-kin, over evolutionary time.
Concluding remarks
All theory must compromise between simplicity, generality, and precision. The
spectacular diversity of the natural world means that biologists feel this tension
particularly keenly. It is present throughout this thesis, where I have sought
unifying models to explain and quantify mating system evolution across a be-
wildering variety of taxa. Many nuances are unfortunately, but inevitably, lost
in this search for broad patterns and general tools.
The ‘simplicity’ of models should be understood as relative to human cognitive
capabilities. We are all limited in our ability to visualise and process models of
the world. Models that are too complex do not forward our understanding of
the underlying phenomena. This is especially important in organismal biology,
where accurate prediction is rarely a feasible scientific aim, and so explanatory
models and rule-of-thumb predictions play a relatively greater role.
Happily, a model’s simplicity also depends on the conceptual and computa-
tional tools available to interpret it, as well as the educational background of
126
its users. The rise of statistical software has greatly increased the range of
models that are accessible to applied scientists, because only the software’s
interface and outputs need be simple to users, and mathematical details can
often be left to specialists. Similarly, numerical and simulation models have
provided new ways to interrogate and visualise complex ideas. Many models
that appeared formidable to their first users are now routinely integrated into
scientific practice. I hope that some of the quantitative tools in this thesis will
be so lucky.
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Appendix A from J. M. Henshaw et al., “Local Gamete Competition
Explains Sex Allocation and Fertilization Strategies in the Sea”
(Am. Nat., vol. 184, no. 2, p. E32)
Derivation of Fertilization Rates and Fitness
Here we derive average fertilization rates and fitness for populations using each of the six reproductive strategies. We also
calculate these values for mutant individuals who invade these populations with a different egg size or reproductive
strategy. This allows us to compare the fitness of mutants to the population average in order to determine whether the
population strategy is evolutionarily stable or, alternatively, whether it can be invaded by another reproductive strategy.
Throughout this section, we mark any variable or parameter that relates to a mutant individual with a hat (i.e., ). WeXˆ
mark with a tilde (i.e., ) any value relating to a typical individual in the population whose gamete densities change as aX˜
result of interacting with a mutant. Values relating to typical individuals whose gamete densities are unaffected by
interactions with mutants are left unmarked.
Densities of gametes in a region are written in the form (for eggs) and (for sperm). The subscript y denotes thex xE Sy y
type of region (c p fertilization cavity; n p neighborhood; o p open water). The superscript x distinguishes between
“local” gametes that have never left their parent’s neighborhood and “foreign” gametes that have arrived from elsewhere.
By assumption, only local gametes are affected by LGC. We mark the densities of local gametes with a superscript i and
those of foreign gametes with a superscript f, m, or h, according to whether the region is associated with a female, male,
or hermaphrodite. In the open water, all gametes are treated as foreign, and so the superscript is omitted. Thus, the
density of a female’s own eggs in her fertilization cavity is written as . The density of allosperm in the neighborhoodiEc
of a hermaphrodite is .hSn
Dioecious Broadcast Spawners
Gamete densities for a population of dioecious broadcast spawners are described by the following equations:
i!En !1 !1 i e i i fp I V ! F V E ! m E ! gE S ,e n on n n n n n n!t
f!Sn !1 f s f i f fp F V (S ! S )! m S ! g(E " E )S ,on n o n n n n n n!t
f!En !1 f e f f fp F V (E ! E )! m E ! gE Son n o, n n n n n!t
i!Sn !1 !1 i s i m ip I V ! F V S ! m S ! gE S ,s n on n n n n n n!t
m!En !1 m e m m i mp F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
m!Sn !1 m s m m mp F V (S ! S )! m S ! gE S ,on n o n n n n n!t
!Eo i f m ep rF (E " E " E ! 2E )! m E ! gE S ,on n n n o o o o o!t
!So i f m sp rF (S " S " S ! 2S )! m S ! gE S .on n n n o o o o o!t
We find the steady state solution to these equations by setting each rate of change equal to zero and solving the resulting
system of simultaneous equations numerically.
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Once we have calculated gamete densities, the average rate of fertilization in the population is given by
i f f f m i m m !1fp g[V (E S " E S " E S " E S )" r E S ].n n n n n n n n n o o
Average fitness is then simply
1wp f s.2
Female with Different Egg Size Invades
Suppose a mutant female with different egg size invades the population of dioecious broadcast spawners. Gamete
densities in her neighborhood are given by
iˆ!En !1 !1 i e i i f˜ˆ ˆ ˆ ˆˆp I V ! F V E ! m E ! gE S ,e n on n n n n n n!t
f˜!Sn !1 f s f i f f f˜ ˜ ˜ ˜ˆ ˜ˆp F V (S ! S )! m S ! gE S ! gE S ,on n o n n n n n n n!t
f˜!En !1 f e f f f˜˜ ˜ ˜p F V (E ! E )! m E ! gE S .on n o n n n n n!t
Since gametes in the open water are presumed not to interact locally, we can assume without loss of generality that once
the mutant female’s eggs reach the open water, they are spread evenly over a region of volume r!1. Then we have
fˆ!En !1 f e f f fˆ ˆ ˆ ˆˆp F V (E ! E )! m E ! gE S ,on n o n n n n n!t
mˆ!En !1 m e m m i mˆ ˆ ˆ ˆˆp F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
ˆ!Eo i f m eˆ ˆ ˆ ˆ ˆ ˆˆp rF (E " E " E ! 2E )! m E ! gE S .on n n n o o o o o!t
The mutant’s rate of fertilization is then
i f f f m i m m !1ˆ ˜ˆ ˆ ˆ ˆ ˆˆfp g[V (E S " E S " E S " E S )" r E S ].n n n n n n n n n o o
Her fitness is
1 ˆˆ ˆwp fs.2
Hermaphrodite Invades
Similarly, consider the invasion of a hermaphrodite with sex allocation . Gamete densities in the mutant’s neighborhoodrˆ
are given by
iˆ!En !1 !1 i e i i h˜ˆ ˆ ˆˆp (1! d)(1! r)I V ! F V E ! m E ! gE S ,e n on n n n n n n!t
iˆ!Sn !1 !1 i s i h iˆ ˆ ˆ˜ˆp (1! d)rI V ! F V S ! m S ! gE S ,s n on n n n n n n!t
h˜!En !1 h e h h i hˆ ˜˜ ˜ ˜p F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
h˜!Sn !1 h s h i h h˜ ˜ ˜ˆ ˜p F V (S ! S )! m S ! g(E " E )S .on n o n n n n n n!t
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If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume r!1, then we
have
fˆ!En !1 f e f f fˆ ˆ ˆ ˆp F V (E ! E )! m E ! gE S ,on n o n n n n n!t
fˆ!Sn !1 f s f i f fˆ ˆ ˆ ˆp F V (S ! S )! m S ! g(E " E )S ,on n o n n n n n n!t
mˆ!En !1 m e m m i mˆ ˆ ˆ ˆp F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
mˆ!Sn !1 m s m m mˆ ˆ ˆ ˆp F V (S ! S )! m S ! gE S ,on n o n n n n n!t
ˆ!Eo i f m eˆ ˆ ˆ ˆ ˆ ˆp rF (E " E " E ! 2E )! m E ! gE S ,on n n n o o o o o!t
ˆ!So i f m sˆ ˆ ˆ ˆ ˆ ˆp rF (S " S " S ! 2S )! m S ! gE S .on n n n o o o o o!t
The mutant’s rates of fertilization through each sex are then
i h f f m i m m !1ˆ ˜ˆ ˆ ˆ ˆ ˆf p g[V (E S " E S " E S " E S )" r E S ],female n n n n n n n n n o o
h i i f f f m m !1ˆ ˆ ˆ ˆ ˆ ˆ˜f p g[V (E S " E S " E S " E S )" r E S ].male n n n n n n n n n o o
Its fitness is
1 ˆ ˆwˆp (f " f )s.female male2
Egg-Retaining Female Invades
Consider now a mutant female that retains her eggs instead of releasing them. Gamete densities in her fertilization cavity
and neighborhood are given by
iˆ!Ec !1 e i i f˜ˆ ˆp I V ! m E ! gE S ,e c c c c c!t
f˜!Sc !1 f s f i f f˜ ˜ ˜ˆ ˜p F V S ! m S ! g(E " E )S ,nc c n c c c c c!t
f˜!Ec !1 f e f f f˜˜ ˜ ˜p F V E ! m E ! gE S ,nc c n c c c c!t
f˜!Sn !1 f !1 f s f f f˜ ˜ ˜ ˜˜p ! F V S " F V (S ! S )! m S ! gE S ,nc n n on n o n n n n n!t
f˜!En !1 f !1 f e f f f˜˜ ˜ ˜ ˜p ! F V E " F V (E ! E )! m E ! gE S .nc n n on n o n n n n n!t
Her rate of fertilization is then
i fˆ ˜ˆfp gVE S .c c c
Her fitness is
1 ˆwˆp fs.2
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Sperm-Retaining Male Invades
Similarly, gamete densities near a mutant sperm-retaining male are given by
iˆ!Sc !1 s i m iˆ ˆ˜p I V ! m S ! gE S ,s s c c c c!t
m˜!Ec !1 m e m m i mˆ ˜˜ ˜ ˜p F V E ! m E ! gE (S " S ),nc s n c c c c c!t
m˜!Sc !1 m s m m m˜ ˜ ˜˜p F V S ! m S ! gE S ,nc s n c c c c!t
m˜!En !1 m !1 m e m m m˜˜ ˜ ˜ ˜p ! F V E " F V (E ! E )! m E ! gE S ,nc n n on n o n n n n n!t
m˜!Sn !1 m !1 m s m m m˜ ˜ ˜ ˜˜p ! F V S " F V (S ! S )! m S ! gE S .nc n n on n o n n n n n!t
His rate of fertilization is
m iˆ ˆ˜fp gVE S .s c c
His fitness is
1 ˆwˆp fs.2
Hermaphroditic Broadcast Spawners
We present equations for the remaining five reproductive strategies similarly: first the gamete densities, fertilization rates,
and fitness for a population of individuals all doing the same thing; then the results for mutants invading such a
population. For a population of hermaphroditic broadcast spawners, gamete densities are given by
i!En !1 !1 i e i i hp (1! d)(1! r)I V ! F V E ! m E ! gE S ,e n on n n n n n n!t
i!Sn !1 !1 i s i h ip (1! d)rI V ! F V S ! m S ! gE S ,s n on n n n n n n!t
h!En !1 h e h h i hp F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
h!Sn !1 h s h i h hp F V (S ! S )! m S ! g(E " E )S ,on n o n n n n n n!t
!Eo i h ep 2rF (E " E ! E )! m E ! gE S ,on n n o o o o o!t
!So i h sp 2rF (S " S ! S )! m S ! gE S .on n n o o o o o!t
The average rate of fertilization in the population is then
i h h i h h !1fp g[2V (E S " E S " E S )" r E S ].n n n n n n n o o
Average fitness is
1wp f s.2
139
Appendix A from J. M. Henshaw et al., Local Gamete Competition in the Sea
5
Mutant with Different Egg Size Invades
Gamete densities near a mutant hermaphrodite with different egg size are given by
iˆ!En !1 !1 i e i i h˜ˆ ˆ ˆ ˆˆ ˆp (1! d)(1! r)I V ! F V E ! m E ! gE S ,e n on n n n n n n!t
iˆ!Sn !1 !1 i s i h iˆ ˆ ˆ˜ˆp (1! d)rI V ! F V S ! m S ! gE S ,s n on n n n n n n!t
h˜!En !1 h e h h i hˆ ˜˜ ˜ ˜p F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
h˜!Sn !1 h s h i h h h˜ ˜ ˜ ˜ˆ ˜ˆp F V (S ! S )! m S ! gE S ! gE S .on n o n n n n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!En !1 h e h h i hˆ ˆ ˆ ˆˆp F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
hˆ!Sn !1 h s h i h hˆ ˆ ˆ ˆp F V (S ! S )! m S ! g(E " E )S ,on n o n n n n n n!t
ˆ!Eo i h eˆ ˆ ˆ ˆ ˆˆp 2rF (E " E ! E )! m E ! gE S ,on n n o o o o o!t
ˆ!So i h sˆ ˆ ˆ ˆ ˆp 2rF (S " S ! S )! m S ! gE S .on n n o o o o o!t
The mutant’s rates of fertilization through each sex are then
i h h i h h !1ˆ ˜ˆ ˆ ˆ ˆˆf p g[V (E S " E S " E S )" (2r) E S ],female n n n n n n n o o
h i i h h h !1ˆ ˆ ˆ ˆ ˆ˜f p g[V (E S " E S " E S )" (2r) E S ].male n n n n n n n o o
Its fitness is
1 ˆ ˆˆ ˆwp (f s" f s).female male2
Pure Female Invades
Gamete densities near a mutant pure female are given by
iˆ!En !1 !1 i e i i f˜ˆ ˆ ˆp I V ! F V E ! m E ! gE S ,e n on n n n n n n!t
f˜!Sn !1 f s f i f f˜ ˜ ˜ˆ ˜p F V (S ! S )! m S ! g(E " E )S ,on n o n n n n n n!t
f˜!En !1 f e f f f˜˜ ˜ ˜p F V (E ! E )! m E ! gE Son n o n n n n n.!t
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If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!En !1 h e h h i hˆ ˆ ˆ ˆp F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
ˆ!Eo i h eˆ ˆ ˆ ˆ ˆp 2rF (E " E ! E )! m E ! gE S .on n n o o o o o!t
The mutant’s rate of fertilization is then
i f h i h h !1ˆ ˜ˆ ˆ ˆ ˆfp g[V (E S " E S " E S )" (2r) E S ].n n n n n n n o o
Her fitness is
1 ˆwˆp fs.2
Pure Male Invades
Gamete densities near a mutant pure male are given by
iˆ!Sn !1 !1 i s i m iˆ ˆ ˆ˜p I V ! F V S ! m S ! gE S ,s n on n n n n n n!t
m˜!En !1 m e m m i mˆ ˜˜ ˜ ˜p F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
m˜!Sn !1 m s m m m˜ ˜ ˜˜p F V (S ! S )! m S ! gE S .on n o n n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!Sn !1 h s h i h hˆ ˆ ˆ ˆp F V (S ! S )! m S ! g(E " E )S ,on n o n n n n n n!t
ˆ!So i h sˆ ˆ ˆ ˆ ˆp 2rF (S " S ! S )! m S ! gE S .on n n o o o o o!t
The mutant’s rate of fertilization is then
m i i h h h !1ˆ ˆ ˆ ˆ ˆ˜fp g[V (E S " E S " E S )" (2r) E S ].n n n n n n n o o
His fitness is
1 ˆwˆp fs.2
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Egg-Retaining Mutant Invades
Gamete densities near an egg-retaining mutant are given by
iˆ!Ec !1 e i i h˜ˆ ˆp (1! d)(1! r)I V ! m E ! gE S ,e c c c c c!t
h˜!Sc !1 h s h i h h˜ ˜ ˜ˆ ˜p F V S ! m S ! g(E " E )S ,nc c n c c c c c!t
h˜!Ec !1 h e h h h˜˜ ˜ ˜p F V E ! m E ! gE S ,nc c n c c c c!t
iˆ!Sn !1 !1 i s i h iˆ ˆ ˆ˜p (1! d)rI V ! F V S ! m S ! gE S ,s n on n n n n n n!t
h˜!En !1 h !1 h e h h i hˆ ˜˜ ˜ ˜ ˜p ! F V E " F V (E ! E )! m E ! gE (S " S ),nc n n on n o n n n n n n!t
h˜!Sn !1 h !1 h s h h h˜ ˜ ˜ ˜˜p ! F V S " F V (S ! S )! m S ! gE S .nc n n on n o n n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!Sn !1 h s h i h hˆ ˆ ˆ ˆp F V (S ! S )! m S ! g(E " E )S ,on n o n n n n n n!t
ˆ!So i h sˆ ˆ ˆ ˆ ˆp 2rF (S " S ! S )! m S ! gE S .on n n o o o o o!t
The mutant’s rate of fertilization is then
i h h i i h h h !1ˆ ˜ ˆ ˆ ˆ ˆˆ ˜fp g[VE S " V (E S " E S " E S )" (2r) E S ].c c c n n n n n n n o o
Its fitness is
1 ˆwˆp fs.2
Sperm-Retaining Mutant Invades
Gamete densities near a sperm-retaining mutant are given by
iˆ!Sc !1 s i h iˆ ˆ˜p (1! d)rI V ! m S ! gE S ,s c c c c c!t
h˜!Ec !1 h e h h i hˆ ˜˜ ˜ ˜p F V E ! m E ! gE (S " S ),nc c n c c c c c!t
h˜!Sc !1 h s h h h˜ ˜ ˜˜p F V S ! m S ! gE S ,nc c n c c c c!t
iˆ!En !1 !1 i e i i h˜ˆ ˆ ˆp (1! d)(1! r)I V ! F V E ! m E ! gE S ,e n on n n n n n n!t
h˜!Sn !1 h !1 h s h i h h˜ ˜ ˜ ˜ˆ ˜p ! F V S " F V (S ! S )! m S ! g(E " E )S ,nc n n on n o n n n n n n!t
h˜!En !1 h !1 h e h h h˜˜ ˜ ˜ ˜p ! F V E " F V (E ! E )! m E ! gE S .nc n n on n o n n n n n!t
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If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!En !1 h e h h i hˆ ˆ ˆ ˆp F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
ˆ!Eo i h eˆ ˆ ˆ ˆ ˆp 2rF (E " E ! E )! m E ! gE S .on n n o o o o o!t
The mutant’s rate of fertilization is then
h i i h h i h h !1ˆ ˆ ˜˜ ˆ ˆ ˆ ˆfp g[VE S " V (E S " E S " E S )" (2r) E S ].c c c n n n n n n n o o
Its fitness is
1 ˆwˆp fs.2
Dioecious Sperm Casters
For a population of dioecious sperm casters, gamete densities are given by
i!Ec !1 e i i fp I V ! m E ! gE S ,e c c c c c!t
f!Sc !1 f s f i fp F V S ! m S ! gE S ,nc c n c c c c!t
i!Sn !1 !1 i s ip I V ! F V S ! m S ,s n on n n n n!t
f!Sn !1 f !1 f s fp ! F V S " F V (S ! S )! m S ,nc n n on n o n n n!t
m!Sn !1 m s mp F V (S ! S )! m S ,on n o n n n!t
!So i f m sp rF (S " S " S ! 2S )! m S .on n n n o o o!t
The average rate of fertilization in the population is then
i ffp gV E S .c c c
Average fitness is
1wp f s.2
Female with Different Egg Size Invades
Gamete densities near a mutant female with different egg size are given by
iˆ!Ec !1 e i i f˜ˆ ˆ ˆˆp I V ! m E ! gE S ,e c c c c c!t
f˜!Sc !1 f s f i f˜ ˜ˆˆp F V S ! m S ! gE S .nc c n c c c c!t
The mutant’s fertilization rate is then
i fˆ ˜ˆˆfp gVE S .c c c
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Her fitness is
1 ˆˆ ˆwp fs.2
Hermaphrodite Invades
Gamete densities near a mutant hermaphrodite with sex allocation are given byrˆ
iˆ!Ec !1 e i i h˜ˆ ˆˆp (1! d)(1! r)I V ! m E ! gE S ,e c c c c c!t
h˜!Sc !1 f s h i h˜ ˜ˆp F V S ! m S ! gE S ,nc c n c c c c!t
iˆ!Sn !1 !1 i s iˆ ˆˆp (1! d)rI V ! F V S ! m S .s n on n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume r!1, then we
have
fˆ!Sc !1 f s f i fˆ ˆ ˆp F V S ! m S ! gE S ,nc c n c c c c!t
fˆ!Sn !1 f !1 f s fˆ ˆ ˆ ˆp ! F V S " F V (S ! S )! m S ,nc n n on n o n n n!t
mˆ!Sn !1 m s mˆ ˆ ˆp F V (S ! S )! m S ,on n o n n n!t
ˆ!So i f m sˆ ˆ ˆ ˆ ˆp rF (S " S " S ! 2S )! m S .on n n n o o o!t
The mutant’s fertilization rate is then
i h i fˆ ˜ ˆˆfp gV (E S " E S )c c c c c
Its fitness is
1 ˆwˆp fs2
Egg-Releasing Female Invades
Gamete densities near a mutant egg-releasing female are given by
iˆ!En !1 !1 i e i i f˜ˆ ˆ ˆp I V ! F V E ! m E ! gE S ,e n on n n n n n n!t
f˜!Sn !1 f s f i f˜ ˜ ˜ˆp F V (S ! S )! m S ! gE Son n o n n n n n.!t
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If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume r!1, then we
have
fˆ!Ec !1 f e f f fˆ ˆ ˆp F V E ! m E ! gE S ,nc c n c c c c!t
fˆ!En !1 f !1 f e f f fˆ ˆ ˆ ˆ ˆp ! F V E " F V (E ! E )! m E ! gE S ,nc n n on n o n n n n n!t
mˆ!En !1 m e m m i mˆ ˆ ˆ ˆp F V (E ! E )! m E ! gE (S " S ),on n o n n n n n n!t
ˆ!Eo i f m eˆ ˆ ˆ ˆ ˆ ˆp rF (E " E " E ! 2E )! m E ! gE S .on n n n o o o o o!t
The mutant’s fertilization rate is then
f f i f f f m i m m !1ˆ ˜ˆ ˆ ˆ ˆ ˆ ˆfp g[VE S " V (E S " E S " E S " E S )" r E S ].c c c n n n n n n n n n o o
Her fitness is
1 ˆwˆp fs.2
Hermaphroditic Sperm Casters
For a population of hermaphroditic sperm casters, gamete densities are given by
i!Ec !1 e i i hp (1! d)(1! r)I V ! m E ! gE S ,e c c c c c!t
h!Sc !1 h s h i hp F V S ! m S ! gE S ,nc c n c c c c!t
i!Sn !1 !1 i s ip (1! d)rI V ! F V S ! m S ,s n on n n n n!t
h!Sn !1 h !1 h s hp ! F V S " F V (S ! S )! m S ,nc n n on n o n n n!t
!So i h sp 2rF (S " S ! S )! m S .on n n o o o!t
The average rate of fertilization in the population is then
i hfp 2gV E S .c c c
Average fitness is
1wp f s.2
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Mutant with Different Egg Size Invades
Gamete densities near a mutant hermaphrodite with different egg size are given by
iˆ!Ec !1 e i i h˜ˆ ˆ ˆˆp (1! d)(1! r)I V ! m E ! gE S ,e c c c c c!t
h˜!Sc !1 h s h i h˜ ˜ˆˆp F V S ! m S ! gE S ,nc c n c c c c!t
iˆ!Sn !1 !1 i s iˆ ˆp (1! d)rI V ! F V S ! m S .s n on n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!Sc !1 h s h i hˆ ˆ ˆp F V S ! m S ! gE S ,nc c n c c c c!t
hˆ!Sn !1 h !1 h s hˆ ˆ ˆ ˆp ! F V S " F V (S ! S )! m S ,nc n n on n o n n n!t
ˆ!So i h sˆ ˆ ˆ ˆp 2rF (S " S ! S )! m S .on n n o o o!t
The mutant’s rates of fertilization through each sex are then
i hˆ ˜ˆˆf p gVE S ,female c c c
i hˆ ˆf p gV E S .male c c c
Its fitness is
1 ˆ ˆˆ ˆwp (f s" f s).female male2
Pure Female Invades
Gamete densities near a mutant pure female are given by
iˆ!Ec !1 e i i f˜ˆ ˆp I V ! m E ! gE S ,e c c c c c!t
f˜!Sc !1 h s f i f˜ ˜ˆp F V S ! m S ! gE S .nc c n c c c c!t
The mutant’s rate of fertilization is then
i fˆ ˜ˆfp gVE S .c c c
Her fitness is
1 ˆwˆp fs.2
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Pure Male Invades
Gamete densities near a mutant pure male are given by
iˆ!Sn !1 !1 i s iˆ ˆp I V ! F V S ! m S .s n on n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1,
then we have
hˆ!Sc !1 h s h i hˆ ˆ ˆp F V S ! m S ! gE S ,nc c n c c c c!t
hˆ!Sn !1 h !1 h s hˆ ˆ ˆ ˆp ! F V S " F V (S ! S )! m S ,nc n n on n o n n n!t
ˆ!So i h sˆ ˆ ˆ ˆp 2rF (S " S ! S )! m S .on n n o o o!t
The mutant’s rate of fertilization is then
i hˆ ˆfp gV E S .c c c
His fitness is
1 ˆwˆp fs.2
Egg-Releasing Mutant Invades
Gamete densities near an egg-retaining mutant are given by
iˆ!En !1 !1 i e i i h˜ˆ ˆ ˆp (1! d)(1! r)I V ! F V E ! m E ! gE S ,e n on n n n n n n!t
iˆ!Sn !1 !1 i s iˆ ˆp (1! d)rI V ! F V S ! m S ,s n on n n n n!t
h˜!Sn !1 h s h i h˜ ˜ ˜ˆp F V (S ! S )! m S ! gE S .on n o n n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!Ec !1 h e h h hˆ ˆ ˆp F V E ! m E ! gE S ,nc c n c c c c!t
hˆ!Sc !1 h s h i hˆ ˆ ˆp F V S ! m S ! gE S ,nc c n c c c c!t
hˆ!En !1 h !1 h e h h i hˆ ˆ ˆ ˆ ˆp ! F V E " F V (E ! E )! m E ! gE (S " S ),nc n n on n o n n n n n n!t
hˆ!Sn !1 h !1 h s hˆ ˆ ˆ ˆp ! F V S " F V (S ! S )! m S ,nc n n on n o n n n!t
ˆ!Eo i h eˆ ˆ ˆ ˆ ˆp 2rF (E " E ! E )! m E ! gE S ,on n n o o o o o!t
ˆ!So i h sˆ ˆ ˆ ˆp 2rF (S " S ! S )! m S .on n n o o o!t
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The mutant’s rate of fertilization is then
h h i h i h h i h h !1ˆ ˆ ˜ˆ ˆ ˆ ˆ ˆfp g[V (E S " E S )" V (E S " E S " E S )" (2r) E S ].c c c c c n n n n n n n o o
Its fitness is
1 ˆwˆp fs.2
Dioecious Egg Casters
For a population of dioecious egg casters, gamete densities are given by
i!Sc !1 s i m ip I V ! m S ! gE S ,s c c c c c!t
m!Ec !1 m e m m ip F V E ! m E ! gE S ,nc c n c c c c!t
i!En !1 !1 i e ip I V ! F V E ! m E ,e n on n n n n!t
f!En !1 f e fp F V (E ! E )! m E ,on n o n n n!t
m!En !1 m !1 m e mp ! F V E " F V (E ! E )! m E ,nc n n on n o n n n!t
!Eo i f m ep rF (E " E " E ! 2E )! m E .on n n n o o o!t
The average rate of fertilization in the population is then
m ifp gV E S .c c c
Average fitness is
1wp f s.2
Female with Different Egg Size Invades
Gamete densities near a mutant female with different egg size are given by
iˆ!En !1 !1 i e iˆ ˆ ˆp I V ! F V E ! m E .e n on n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume r!1, then we
have
mˆ!Ec !1 m e m m iˆ ˆ ˆˆp F V E ! m E ! gE S ,nc c n c c c c!t
fˆ!En !1 f e fˆ ˆ ˆp F V (E ! E )! m E ,on n o n n n!t
mˆ!En !1 m !1 m e mˆ ˆ ˆ ˆp ! F V E " F V (E ! E )! m E ,nc n n on n o n n n!t
ˆ!Eo i f m eˆ ˆ ˆ ˆ ˆp rF (E " E " E ! 2E )! m E .on n n n o o o!t
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The mutant’s rate of fertilization is then
m iˆ ˆˆfp gVE S .c c c
Her fitness is
1 ˆˆ ˆwp fs.2
Hermaphrodite Invades
Gamete densities near a mutant hermaphrodite with sex allocation are given byrˆ
iˆ!Sc !1 s i h iˆ ˆ˜ˆp (1! d)rI V ! m S ! gE S ,s c c c c c!t
h˜!Ec !1 m e h h iˆ˜ ˜p F V E ! m E ! gE S ,nc c n c c c c!t
iˆ!En !1 !1 i e iˆ ˆˆp (1! d)(1! r)I V ! F V E ! m E .e n on n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume r!1, then
we have
mˆ!Ec !1 m e m m iˆ ˆ ˆp F V E ! m E ! gE S ,nc c n c c c c!t
fˆ!En !1 f e fˆ ˆ ˆp F V (E ! E )! m E ,on n o n n n!t
mˆ!En !1 m !1 m e mˆ ˆ ˆ ˆp ! F V E " F V (E ! E )! m E ,nc n n on n o n n n!t
ˆ!Eo i f m eˆ ˆ ˆ ˆ ˆp rF (E " E " E ! 2E )! m E .on n n n o o o!t
The mutant’s rate of fertilization is then
h i m iˆ ˆ˜ ˆfp gV (E S " E S ).c c c c c
Its fitness is
1 ˆwˆp fs.2
Sperm-Releasing Male Invades
Gamete densities near a mutant sperm-releasing male are given by
iˆ!Sn !1 !1 i s i m iˆ ˆ ˆ˜p I V ! F V S ! m S ! gE S ,s n on n n n n n n!t
m˜!En !1 m e m m iˆ˜ ˜ ˜p F V (E ! E )! m E ! gE S .on n o n n n n n!t
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If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume r!1, then we
have
mˆ!Sc !1 m s m m mˆ ˆ ˆp F V S ! m S ! gE S ,nc c n c c c c!t
fˆ!Sn !1 f s f i f fˆ ˆ ˆ ˆp F V (S ! S )! m S ! g(E " E )S ,on n o n n n n n n!t
mˆ!Sn !1 m !1 m s m m mˆ ˆ ˆ ˆ ˆp ! F V S " F V (S ! S )! m S ! gE S ,nc n n on n o n n n n n!t
ˆ!So i f m eˆ ˆ ˆ ˆ ˆ ˆp rF (S " S " S ! 2S )! m S ! gE S .on n n n o o o o o!t
The mutant’s rate of fertilization is then
m m m i i f f f m m !1ˆ ˆ ˆ ˆ ˆ ˆ ˆ˜fp g[V E S " V (E S " E S " E S " E S )" r E S ].c c c n n n n n n n n n o o
His fitness is
1 ˆwˆp fs.2
Hermaphroditic Egg Casters
For a population of hermaphroditic egg casters, gamete densities are given by
i!Sc !1 s i h ip (1! d)rI V ! m S ! gE S ,s c c c c c!t
h!Ec !1 h e h h ip F V E ! m E ! gE S ,nc c n c c c c!t
i!En !1 !1 i e ip (1! d)(1! r)I V ! F V E ! m E ,e n on n n n n!t
h!En !1 h !1 h e hp ! F V E " F V (E ! E )! m E ,nc n n on n o n n n!t
!Eo i h ep 2rF (E " E ! E )! m E .on n n o o o!t
The average rate of fertilization in the population is then
h ifp 2gV E S .c c c
Average fitness is
1wp f s.2
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Mutant with Different Egg Size Invades
Gamete densities near a mutant with different egg size are given by
iˆ!Sc !1 s i h iˆ ˆ˜ˆp (1! d)rI V ! m S ! gE S ,s c c c c c!t
h˜!Ec !1 h e h h iˆ˜ ˜p F V E ! m E ! gE S ,nc c n c c c c!t
iˆ!En !1 !1 i e iˆ ˆ ˆˆp (1! d)(1! r)I V ! F V E ! m E .e n on n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!Ec !1 h e h h iˆ ˆ ˆˆp F V E ! m E ! gE S ,nc c n c c c c!t
hˆ!En !1 h !1 h e hˆ ˆ ˆ ˆp ! F V E " F V (E ! E )! m E ,nc n n on n o n n n!t
ˆ!Eo i h eˆ ˆ ˆ ˆp 2rF (E " E ! E )! m E .on n n o o o!t
The mutant’s rates of fertilization through each sex are then
h iˆ ˆˆf p gVE Sfemale c c c
h iˆ ˆ˜f p gVE S .male c c c
Its fitness is
1 ˆ ˆˆ ˆwp (f s" f s).female male2
Pure Female Invades
Gamete densities near a mutant pure female are given by
iˆ!En !1 !1 i e iˆ ˆp I V ! F V E ! m E .e n on n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!Ec !1 h e h h iˆ ˆ ˆp F V E ! m E ! gE S ,nc c n c c c c!t
hˆ!En !1 h !1 h e hˆ ˆ ˆ ˆp ! F V E " F V (E ! E )! m E ,nc n n on n o n n n!t
ˆ!Eo i h eˆ ˆ ˆ ˆp 2rF (E " E ! E )! m E .on n n o o o!t
The mutant’s rate of fertilization is then
h iˆ ˆfp gVE S .c c c
151
Appendix A from J. M. Henshaw et al., Local Gamete Competition in the Sea
17
Her fitness is
1 ˆwˆp fs.2
Pure Male Invades
Gamete densities near a mutant pure male are given by
iˆ!Sc !1 s i h iˆ ˆ˜p I V ! m S ! gE Ss c c c c c!t
h˜!Ec !1 h e h h iˆ˜ ˜p F V E ! m E ! gE Snc c n c c c c!t
The mutant’s rate of fertilization is then
h iˆ ˆ˜fp gVE S .c c c
His fitness is
1 ˆwˆp fs.2
Sperm-Releasing Mutant Invades
Gamete densities near a sperm-releasing mutant are given by
iˆ!En !1 !1 i e iˆ ˆp (1! d)(1! r)I V ! F V E ! m E ,e n on n n n n!t
iˆ!Sn !1 !1 i s i h iˆ ˆ ˆ˜p (1! d)rI V ! F V S ! m S ! gE S ,s n on n n n n n n!t
h˜!En !1 h e h h iˆ˜ ˜ ˜p F V (E ! E )! m E ! gE S .nc n o n n n n n!t
If we assume that once the mutant’s gametes reach the open water, they are spread over a region of volume (2r)!1, then
we have
hˆ!Ec !1 h e h h iˆ ˆ ˆp F V E ! m E ! gE S ,nc c n c c c c!t
hˆ!Sc !1 h s h h hˆ ˆ ˆp F V S ! m S ! gE S ,nc c n c c c c!t
hˆ!En !1 h !1 h e hˆ ˆ ˆ ˆp ! F V E " F V (E ! E )! m E ,nc n n on n o n n n!t
hˆ!Sn !1 h !1 h s h i h hˆ ˆ ˆ ˆ ˆp ! F V S " F V (S ! S )! m S ! g(E " E )S ,nc n n on n o n n n n n n!t
ˆ!Eo i h eˆ ˆ ˆ ˆp 2rF (E " E ! E )! m E ,on n n o o o!t
ˆ!So i h sˆ ˆ ˆ ˆ ˆp 2rF (S " S ! S )! m S ! gE S .on n n o o o o o!t
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The mutant’s rate of fertilization is then
h i h h h i i h h h !1ˆ ˆ ˆ ˆ ˆ ˆˆ ˜fp g[V (E S " E S )" V (E S " E S " E S )" (2r) E S ].c c c c c n n n n n n n o o
Its fitness is
1 ˆwˆp fs.2
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Appendix B from J. M. Henshaw et al., “Local Gamete Competition
Explains Sex Allocation and Fertilization Strategies in the Sea”
(Am. Nat., vol. 184, no. 2, p. E32)
Choice of Parameters
In the robustness analysis, we generated parameter values randomly for each trial. Here we present the range of values
from which each parameter was chosen (table B1). We also justify our choice of ranges for scaling exponents. These
exponents determine the allometric relationships between body size, population density, and pumping ability and between
egg size and fertilization efficiency. Lastly, we consider two parameters that were not varied randomly: the gamete budget
coefficient kM and the volume of a fertilization cavity Vc.
Body Size B
In the first series of trials, we chose the logarithm of body size log10B from the range (1,7) according to a uniform
distribution. We stratified the randomization so that log10B was in the range (i, i ! 1) exactly 200 times for each integer
i p 1, ..., 6. In the second series of trials, we compared behavior at fixed body sizes of B p 102 and B p 104 in one
half of the trials and at B p 104 and B p 106 in the other half.
Population Density r
Larger-bodied species tend to live at lower population densities. In studies of single taxa taken over large geographic
areas, scaling of population density in body size is surprisingly consistent, with a scaling exponent usually near "0.75
(Damuth 1987; White et al. 2007). Scaling relationships measured over local areas show both more varied relationships
and poorer fits, although aquatic systems appear to be more consistent than terrestrial ones (Marquet et al. 1990; Cyr et
al. 1997; White et al. 2007). In the vast majority of cases, scaling exponents of population density to body size lie
between "1 and "0.5. Consequently, we assume that
arrp k B , (B1)r
with "1 ! ar ! "0.5.
Water Flow in the Fertilization Cavity Fnc
In sessile or slow-moving benthic species, water flow into the fertilization cavity has two potential causes. First, ambient
currents flow over the organism. Second, many organisms actively pump water, often as part of their feeding behavior
(Bishop and Pemberton 2006). In organisms dominated by ambient currents, we can assume that water flows through the
fertilization cavity via an entrance region that is perpendicular or oblique to the current. In this case, the rate of flow will
be proportional to the area of the entrance region. Assuming isometry of the fertilization cavity, this results in a scaling
relationship of the form
aFF p k B , (B2)nc F
with an exponent of aF p 0.67.
For organisms that actively pump water, we assume for simplicity that gametes are filtered out of the water via one or
more cylindrical filtration pipes. Suppose that each pipe has length L and radius a. By the Hagen-Poiseuille equation
(Spurk and Aksel 2008), the pressure drop Dp required to pump water through such a pipe at a rate of obeys′Fnc
′LFncDp ∝ . (B3)4a
The power required to maintain this pressure drop is given by , and so this implies that′ ′P p F Dpnc
4 ′a P′ !F ∝ . (B4)nc L
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Let us write P p nP′ for the total power requirement. Then the total water flow through n pipes is given by
4na P′ !F p nF ∝ . (B5)nc nc L
If filtration of gametes can only happen along the boundary surface of pipes, then pipe radius should be independent of
body size (Vogel 1981). In this case, the number of pipes increases as B2/3 and their lengths increase as B1/3.
Consequently, we have .1/3 1/2F ∝ (B P)nc
Let us now consider the allometry of P, the total power devoted to pumping water. If organisms devote a fixed
proportion of their metabolism to pumping, then P will increase in proportion to total metabolic rate. Empirical studies of
the allometry of metabolism in marine organisms suggest that scaling exponents almost always lie in the range of 0.6 to
1.0 (Patterson 1992; Glazier 2005). Taking these estimates gives us a scaling exponent for water flow of 0.47 ≤ aF ≤ 0.67
if the radius of pipes is independent of body size. Larger scaling exponents are expected if pipe radius increases with
body size.
Empirical studies on the allometry of pumping rate and body size have most often focused on suspension-feeding
bivalves. These studies have found that most scaling exponents lie between 0.6 and 0.75 (Riisga˚rd 2001), which is in
broad agreement with the range calculated above. To ensure the full range of natural variation is covered for both passive
and active organisms, we consider scaling exponents in the range 0.5 ! aF ! 0.8. In this range, water flow increases with
body size but at a rate that is less than isometric.
Fertilization Efficiency g
The efficiency of fertilization depends on how fast gametes move and on how close they must be for fertilization to
occur. Suppose that the movement of sperm relative to eggs is approximately Brownian with a diffusion coefficient of d
and that fertilization occurs when sperm approach within a distance r of an egg. Then the gamete encounter coefficient is
given by (Dusenbery 2009)
gp 4prd. (B6)
Suppose first that gametes must be in direct contact for fertilization to occur and that they have no mechanism to detect
and swim toward opposite-type gametes. If we approximate eggs as spheres of volume me then the detection distance r is
simply equal to the egg’s radius. Consequently,
3 3 1/3!rp m . (B7)e4p
In most species, however, fertilization rates are improved through chemotaxis: eggs produce pheromones, while sperm can
detect and swim toward higher pheromone concentrations (Kaupp et al. 2008). Chemotaxis improves fertilization rates by
increasing the detection distance.
Theoretical calculations suggest that if a fixed proportion of egg metabolism is devoted to pheromone production, then
detection distance could increase in proportion to egg volume (Dusenbery 2011). There is, however, an upper limit to the
detection distance that can be achieved by diffusion of pheromones. This is because, under natural conditions, turbulence
disrupts diffusion over larger scales. It is difficult to estimate the scale on which turbulent effects will become important
and little is known about pheromone transport under field conditions (Grasso 2001). In the absence of more detailed
estimates, we assume that detection distance obeys the relationship
arrp k 7 (m ) , (B8)r e
with 1/3 ! ar ! 1. This range includes the extreme cases where no pheromones are produced and where pheromone
diffusion is unaffected by turbulent flow. It also includes more realistic cases where turbulence disrupts pheromone
signals over larger scales. Assuming that egg speed is independent of egg size, this means that fertilization efficiency is
related to egg size by
aggp k 7 (m ) , (B9)g e
with 1/3 ! ag ! 1.
Gamete Budget Coefficient kM and Volume of Fertilization Cavity Vc
Two parameters were not varied randomly. First, the gamete budget coefficient kM determines the ratio of gamete
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production to body size, according to the relationship M p kmB. Since varying this coefficient is equivalent to changing
the scale on which body size is measured, we left it fixed at km p 10-4 for all trials.
Second, the volume of a fertilization cavity Vc must be sufficient to hold the maximum volume of gametes that an
individual retains at any one time. Since M is the volume of gametes produced per unit time, this maximum is given by
M/m, where m is the mortality rate of retained gametes. We set
eV p M/m (B10)c c
for all individuals, regardless of sex. This means that fertilization cavities are the same size in females, males, and
hermaphrodites. It also ensures that the volume of fertilization cavities increases isometrically with body size.
Table B1. Parameter ranges for robustness
analysis
Parameter Value chosen uniformly from
d (0,.2)
a (.1,1)
ag (1/3,1)
ar ("1,".5)
aF (.5,.8)
Log10 of value chosen uniformly from
B (1,7)
Fon (1,3)
Vn (3,5)
ms ("5,"3)
emn ("6,"4)
smn ("4,"2)
mL ("3,"2)
kg (0,2)
kr ("6,"4)
kF ("1,1)
Literature Cited Only in Appendix B
Cyr, H., R. H. Peters, and J. A. Downing. 1997. Population density and community size structure: comparison of aquatic
and terrestrial systems. Oikos 80:139–149.
Damuth, J. 1987. Interspecific allometry of population density in mammals and other animals: the independence of body
mass and population energy use. Biological Journal of the Linnean Society 31:192–246.
Glazier, D. S. 2005. Beyond the “3/4-power law”: variation in the intra- and interspecific scaling of metabolic rate in
animals. Biological Reviews 80:611–662.
Grasso, F. W. 2001. Invertebrate-inspired sensory-motor systems and autonomous, olfactory-guide exploration. Biological
Bulletin 200:160–168.
Kaupp, U. B., N. D. Kashikar, and I. Weyand. 2008. Mechanisms of sperm chemotaxis. Annual Review of Physiology
70:93–117.
Patterson, M. R. 1992. A mass transfer explanation of metabolic scaling relations in some aquatic invertebrates and algae.
Science 255:1421–1423.
Spurk, J. H., and N. Aksel. 2008. Fluid mechanics. 2nd ed. Springer, Berlin.
Vogel, S. 1981. Life in moving fluids: the physical biology of flow. Grant, Boston.
156
Appendix for Paper 2
Please note that, due to copyright restrictions, this Appendix is not available
in the ANU Open Research Repository. It can be found in the printed thesis,
available in the ANU Library, or via the website of the journal Dynamic Games
and Applications.
157
Appendix for Paper 3
Please note that, due to copyright restrictions, this Appendix is not available
in the ANU Open Research Repository. It can be found in the printed thesis,
available in the ANU Library, or via the website of the journal Evolution.
163
Appendix for Paper 4
169
Supporting information:
Construction of datasets for worked examples and
proof of the gradient decomposition rule
Jonathan M. Henshaw, Michael D. Jennions, and Loeske E. B. Kruuk
This is supporting information for the article:
Henshaw, J. M., M. D. Jennions, and L. E. B. Kruuk. How to quantify
(the response to) sexual selection on traits.
Here we describe how datasets were constructed for the worked examples.
We also prove that the gradient decomposition rule holds under the condi-
tions given in the main text (equation (16) and accompanying text).
1 Construction of datasets for worked examples
1.1 Fat, sexy and fecund
We simulated body size Z, mating success M and reproductive success R
in a sample of 1000 females. We assumed that Z follows a normal distribu-
tion, standardised to have a mean of zero and variance of one. Reproductive
success increases with female size, but is not influenced by mating success:
we assumed that R = 10 + 3(Z +  R), where  R   N (0, 1) is a standard
normal variable that is independent of body size. Mating success also in-
creases with female size, because males prefer larger females: we assumed
M = 5 + 2(Z +  M ), where  M   N (0, 1) is independent of body size.
We rounded values of R and M to the nearest integer. We then converted
any negative values of R to zero (as the number of o↵spring must be non-
negative). Values of M that were less than one were converted to one (i.e.
we assumed that each female mates at least once).
Results for ‘Fat, sexy and fecund’ are given in Table 2 in the main text.
1.2 Cheating vs caring
We simulated care e↵ort C, ornament expression O, mating success M and
reproductive success R for a sample of 10 000 males of known parentage.
1
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Our simulation consists of two generations – the parent generation and the
o↵spring generation, with the measured males belonging to the latter. Each
individual has quantitative genetic traits GC , GO, GM and GR. These
are not breeding values, but contribute to breeding values via the causal
process described below. Values for all genetic traits were assumed to be
multivariate normal. Values for care e↵ort and ornament expression have an
additive genetic correlation of cor(GC , GO) =  0.4 due to resource trade-
o↵s. All other pairs of genetic traits are independent. For convenience,
we standardised the variables (GC , GO, GM , GR) to have mean zero and
covariance matrix given by:
 G =
    
1  0.4 0 0
 0.4 1 0 0
0 0 1 0
0 0 0 1
     (S1)
This is similar to the matrix G  in Morrissey (2014).
The parent generation consists of 20 000 individuals with an even sex ratio.
We simulated genetic trait values for the parent generation according to
the above covariance structure using Cholesky decomposition (Asmussen &
Glynn 2007). We then defined a set of possible parent pairs by assigning two
potential mates to each female at random (yielding 10 000 females   2 mates
= 20 000 parent pairs). The parents of each male o↵spring were drawn from
the possible parent pairs at random with replacement (we ignored female
o↵spring). O↵spring genetic trait values were simulated as the mean values
of their parents, plus a multivariate normal random variable with mean zero
and covariance matrix 12 G. This is consistent with an infinitesimal model
of inheritance with no selection (Bulmer 1980; Barton et al. pre-print).
For the 10 000 males of the o↵spring generation, we simulated phenotypic
trait values, mating success and reproductive success. We assumed that en-
vironmental e↵ects on care e↵ort EC and ornament expression EO were mul-
tivariate normal with a strong correlation of cor(EC , EO) = 0.8, reflecting
environmental variance in resources needed by both traits. We standardised
these environmental e↵ects to have mean zero and covariance matrix
 E =
 
1 0.8
0.8 1
 
(S2)
Care e↵ort and ornament expression were modelled as the sum of genetic
and environmental e↵ects, with each contributing equally:
C =
1 
2
(GC + EC) , O =
1 
2
(GO + EO) (S3)
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The factor of 1/
 
2 ensures that these traits are standard normal random
variables. The overall phenotypic correlation between care e↵ort and orna-
ment expression is cor(C,O) = 0.2.
We modelled each male’s extra-pair mating success as
M = 2 +
1
4
(3O +GM + 4EM ) (S4)
where EM   N (0, 1) is an independent environmental e↵ect. We rounded
values of M to the nearest integer and converted negative values to zero.
Reproductive success is the sum of within-pair reproductive success R0 and
extra-pair reproductive success Ri with each extra-pair mate i:
R = R0 +
M 
i=1
Ri (S5)
Within-pair reproductive success was modelled asR0 = 4+
1
2 (3C +GR + 4E0).
Extra-pair reproductive success with the ith mate was Ri = 1 +
1
2Ei. In
both cases the Ei   N (0, 1) are independent environmental e↵ects. We
rounded each of the variables R0, R1, . . . , RM to the nearest integer and
then converted negative values to zero. Under these assumptions, care ef-
fort directly a↵ects within-pair reproductive success, but ornament expres-
sion a↵ects extra-pair reproductive success indirectly via mating success (see
Figure 2b in main text). Males typically achieve higher reproductive success
with their social mates than with any particular extra-pair mate.
We estimated the additive genetic variances and covariances of the traits
(C,O,M,R) using ASReml-R, assuming an unstructured variance-covariance
matrix. We modelled the relationships as y = µ+AX+  , where:
i. y is an n  4 matrix of trait values with rows (Ci, Oi,Mi, Ri),
ii. µ is a matrix of fixed mean values (i.e. µi = µj for all i, j),
iii. A is the relatedness matrix of dimensions n   n derived from the
pedigree,
iv. X is an n  4 matrix of estimated additive genetic e↵ects, and
v.   is a matrix of normally distributed errors with mean zero.
We then estimated path coe cients for the phenotypic model using equa-
tions (5) and (6) and for the genetic model using equations (13) and (14)
from the main text. Results of ‘Cheating vs caring’ based on the model of
Jones (2009) are shown in Table S1. For results using our model, see Table 4
in the main text.
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Parameter Formula Value
Phenotypic parameters
Simple Bateman gradient  ss 0.37
Simple Jones index s0max =  ss M 0.23
Total sexual
selection
C mC ss 0.03
O mO ss 0.14
Total remaining
selection
C sC  mC ss 0.23
O sO  mO ss 0.03
Genetic parameters
Genetic simple Bateman gradient  gss = sgM/ 2gM 0.06
Genetic simple Jones index s0g max =  gss gM 0.02
Total response to
sexual selection
C mgC gss -0.01
O mgO gss 0.01
Total response to
remaining selection
C sgC  mgC gss 0.09
O sgO  mgO gss 0.00
Table S1: Results of ‘Cheating vs caring’, showing how the model of Jones (2009)
estimates sexual and remaining selection, and the evolutionary response to each
type of selection, on care e↵ort C and ornament expression O, based on their
relationships with relative mating success M and relative reproductive success R
(cf. the results using our model, given in Table 4 in the main text).
4
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2 Proof of the gradient decomposition rule
The gradient decomposition rule allows average partial gradients to be sep-
arated into sexually selected and remaining components. It is given by
equation (16) in the main text:
E
 
  E(R |Z)
 Zi
 
= E
 
  E(R |M,Z)
 M
  E(M |Z)
 Zi
 
+ E
 
  E(R |M,Z)
 Zi
 
(S6)
This is a generalisation of the relationship  i =  RM Mi+ Ri, which breaks
down the Lande-Arnold selection gradient into sexually selected and remain-
ing components (see main text). If M is a count variable, we interpret
  E(R |M,Z)
 M as a di↵erence quotient (a discrete analogue of a derivative):
  E(R |M,Z)
 M
=
E(R |M + 1,Z)  E(R |M,Z)
(M + 1) M (S7)
In the main text, we claim that the gradient decomposition rule holds if
any of three conditions is met. Here we provide proofs for each condition in
turn. We make use throughout of the fact that
E(R |Z) =
 
E(R |M,Z) dP(M |Z) (S8)
2.1 Expected reproductive success is a linear function of
mating success
Suppose that E(R |M,Z) = a(Z) + b(Z)M for some di↵erentiable functions
a and b. Equation (S8) then gives us:
E(R |Z) = a(Z) + b(Z)E(M |Z) (S9)
Taking the partial derivative in Zi of both sides yields:
  E(R |Z)
 Zi
=
 a(Z)
 Zi
+
 b(Z)
 Zi
E(M |Z) + b(Z)  E(M |Z)
 Zi
(S10)
Now, the partial derivatives of E(R |M,Z) are given by:
  E(R |M,Z)
 M
= b(Z)
  E(R |M,Z)
 Zi
=
 a(Z)
 Zi
+
 b(Z)
 Zi
M
(S11)
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Substituting these into equation (S10), we have:
  E(R |Z)
 Zi
=
  E(R |M,Z)
 M
  E(M |Z)
 Zi
+
  E(R |M,Z)
 Zi
  b(Z)
 Zi
[M   E(M |Z)]
(S12)
If we take the expected value of both sides over the joint distribution of
M and Z, the last term on the right-hand side disappears and we obtain
equation (S6) as required.
2.2 Errors in mating success are independent of trait values
Suppose that M = E(M |Z) +  M , where the error  M is independent of Z.
For simplicity, let us write f(Z) = E(M |Z) and g(M,Z) = E(R |M,Z).
Equation (S8) can then be rewritten as
E(R |Z) =
 
g(M,Z) dP(M |Z)
=
 
g(f(Z) +  M ,Z) dP( M |Z)
=
 
g(f(Z) +  M ,Z) dP( M ),
(S13)
using the independence of Z and  M . For the next step it is helpful to write
the arguments of g out in full as g(M,Z) = g(M,Z1, . . . , Zn). Di↵erentiating
under the integral sign then gives us:
  E(R |Z)
 Zi
=
 
g1(f(Z) +  M , Z1, . . . , Zn)
 f(Z)
 Zi
+ gi+1(f(Z) +  M , Z1, . . . , Zn) dP( M )
=
 
  E(R |M,Z)
 M
  E(M |Z)
 Zi
+
E(R |M,Z)
 Zi
dP( M )
(S14)
Taking the expectation of both sides over Z, we obtain equation (S6) again.
2.3 Mating success is Poisson-distributed for any given trait
values
Suppose that M |Z   Poisson( (Z)) for some di↵erentiable function  .
Since M is a count variable, we can rewrite equation (S8) more explicitly
as:
E(R |Z) =
 
m=0
E(R |M = m,Z)P(M = m |Z) (S15)
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Di↵erentiating under the summation sign then gives us:
  E(R |Z)
 Zi
=
 
m=0
 
E(R |M = m,Z)  P(M = m |Z)
 Zi
+
  E(R |M,Z)
 Zi
P(M = m |Z)
 
(S16)
Since M |Z is Poisson distributed with parameter  (Z), we have:
  P(M = m |Z)
 Zi
=
 
 Zi
e  (Z) (Z)m
m!
=
  (Z)
 Zi
 
e  (Z) (Z)m 1
(m  1)!  
e  (Z) (Z)m
m!
 
=
  E(M |Z)
 Zi
[P(M = m  1 |Z)  P(M = m |Z)]
(S17)
Plugging this back into equation (S16) and adjusting the indices then yields:
  E(R |Z)
 Zi
=
 
m=0
 
  E(R |M,Z)
 M
  E(M |Z)
 Zi
+
  E(R |M,Z)
 Zi
 
P (M = m |Z),
(S18)
where we interpret   E(R |M,Z) M according to equation (S7). By taking the
expectation of both sides over Z, we obtain equation (S6) again.
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